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Abstract—The educational literature emphasises the key role of analytical
thinking (AT) and applied mathematical skills (AMS) in solving engineering
problems and calls to nurture these skills in school STEM education. This study
proposes and explores a strategy for fostering AT and AMS among middle
school students and prospective teachers through practice in digital design and
3D printing. The study involved 32 seventh grade students and five prospective
teachers of technology. Both groups learned a 10-hour workshop, “Make a
spinning-top.” The participants designed spinning-tops that can fit into a Kinder
Surprise egg and analysed their geometric and mechanical properties. We
collected data from students’ worksheets, their designed artefacts, and in-class
discussions. The results indicated that the assignment prompted the participants
to apply AT and AMS. School students designed complex models, inquired into
their geometry, and verified their designs through 3D printing. The worksheets
were found to be a useful tool to frame and guide students’ thinking in the
design tasks and the creation and testing of mathematical models. For the
prospective teachers, the workshop, accompanied by lectures on the
methodology of experiential learning, enabled them to implement mathematical
solutions in designs and develop instructional units on the subject.
Keywords—Analytical thinking, Applied mathematical skills, 3D printing,
middle-school education, 3D design

1

Introduction

Affordable desktop 3D printers have become accessible in the last decade, and
schools are beginning to adopt this technology with an increasingly positive impact
[1, 2]. Learning environments that incorporate 3D design and printing (3DP) foster
students’ design thinking and problem-solving skills while creating artefacts. Training
students to cope with this advanced digital technology prepares them for life in the
current era of digital transformation [3].
One of the main approaches to integrating 3D printing in school education is the
learning-by-design approach [4]. According to this approach, learning occurs when
students are engaged in a design challenge. Through the design challenge, they gather
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relevant information, make inferences, analyse and test their design, explain their
design decisions, and iterate toward success [5, 6]. Previous studies have indicated
that this approach may enhance students’ mathematical and engineering
understanding [7]. Ford and Minshall [1] have examined the integration of 3D
printing in middle school STEM curricula. As indicated, through the design and
making of physical artefacts, students concretised concepts and constructed
knowledge. In this constructionist learning, the created artefacts served as “objects-tothink-with” [8].
However, the lack of teaching methodologies and teacher training in 3DP technopedagogy, as well as cultural, institutional, and financial hurdles, hinder the
integration of 3DP in school practice [1]. The research and development of such
methodologies have recently started.
There is a broad consensus that school education should prepare students for the
challenges of the fast-paced, changing world. To this end, higher-order thinking skills
and technological literacy have been deemed to be important. Teaching strategies for
developing thinking skills in different contexts are widely discussed in the literature.
In our research, we focus on developing two of these skills, namely, analytical
thinking and applied mathematical skills.
The new standards for school mathematics and science education [9, 10] refer to
analytical thinking as the target skill necessary to logically and systematically solve
complex problems by their decomposition. World Economic Forum [11] noted
analytical thinking first in the top skills demanded from the workforce by the modern
job market. The education standards refer to the applied mathematical skills needed to
understand ill-defined problems, collect and quantify relevant data, and construct and
inquire mathematical models [9, 10]. These skills are tested by the international
student assessment program PISA [12].
Following the learning-by-design approach, our study explores the integration of
learning activities in digital design and 3D printing as a strategy to foster analytical
thinking and applied mathematical skills among middle school students and
prospective teachers. In this paper, we propose and explore an approach to the
development of AT and AMS by engaging students in the design and creation of 3D
printed artefacts and their mathematical analysis. We examined and described the
characteristics of learning assignments and strategies that promote thinking
development. We also analysed prospective teachers’ reflections on their learning
experience in the workshop. Involving in this study university students who are
prospective teachers provided us an additional perspective to examine the proposed
approach. This article is an extended and revised version of an article published in
EDUCON 2020 [13].

2

Analytical and Applied Mathematical Skills

Analytical thinking (AT) is defined as the mental ability to break an object or idea
into parts, identify, and classify its different components [14]. This ability includes
finding causal relationships among the components and evaluating the usefulness of
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this analysis for decision-making and problem-solving. The dual processing theory
characterises the cognitive mechanisms of AT and provides the basis for the
development of strategies for its development. According to the theory, two
complementary processes occur, intuitive or heuristic thinking (named System 1) and
analytical thinking (System 2) [15]. System 1 (S1) constructs mental models of the
situation when facing a cognitive task and provides intuitive responses. System 2 (S2)
may or may not intervene to control, revise analytically, and replace the intuitive
response provided by S1. Appropriate learning activities aimed to foster S1 and S2
processes, and their interaction may help improve problem-solving and decisionmaking performances [16, 17].
Applied mathematical skills (AMS) are a synergistic combination of mathematical
skills and the ability to solve practical problems by creating and exploring their
mathematical models. AMS are in high demand in the modern job market [18]. These
skills include understanding the real-world problem, constructing a mathematical
model, finding a mathematical solution, and interpreting the solution in terms of the
real-world problem. The theory of situated cognition characterises the mechanisms of
learning in a real-world context [19] .
AT and AMS are crucial for engineers who apply them along the design process to
analyse requirements, solutions, and evaluation of the products [20]. These skills are
equally necessary for many other areas of professional and everyday activities.
Despite this, school education does not pay due attention to their development [21].

3

Developing Students’ Thinking Skills

Educators conceive learning thinking skills as a process of transformation from
unskilled to skilled thinking, which “implements thinking means in a fast and precise
way” [22, p. 1848]. Skilled thinking is based on past experience in the learning
subject and adequate thinking patterns and procedures [23, 24]. As noted by Beyer,
researchers state that although thinking develops naturally and sporadically, skilled
thinking development requires more than just practical experience. It also requires
systematic and intentional educational intervention.
Researchers recommend introducing a new thinking skill through a direct
approach, presenting procedures for the application of the skill itself. In our case, to
promote analytical thinking in the context of problem-solving in 3DP, it is
recommended to devote special attention to such thinking procedures as identifying
the components of the problem, finding causal relationships among the components,
and evaluating the reliability and usefulness of information regarding the problem.
Similarly, to foster applied mathematical thinking, such skills as the presentation of
step-by-step procedures for interpreting and making sense of the real-life problem,
simplifying it, identifying the underlying mathematical problem, solving, verifying,
and translating it back to real-life terms will be necessary.
Mastering a new thinking skill is an arduous and challenging task that demands
cognitive efforts. Therefore, when learning to apply the skill, it is recommended to
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minimise distractions and then engage students in thinking activities in different
contexts.
In particular, to foster analytical thinking and applied mathematical skills, it is
recommended to present the learning activities that integrate 3DP after the students
mastered the 3D modelling tools. However, as Resnick stated, reasoning “cannot be
done in the abstract, one must reason on something” [25, p. 36]. In order to promote
students’ thinking, a learning environment should provide ample opportunities for
students to actively engage in thinking activities in different contexts [26, 27].
According to the infusion approach proposed by Swartz and Parks, thinking skills are
not taught as a subject in itself. Teaching the skill should be embedded in a subjectmatter curriculum in an integrated way [27, 28]. Moreover, while practising the
thinking skill as part of a subject-matter learning activity, students learn what is
considered skilled thinking in the discipline. When solving applied mathematical
problems, the process of mathematisation is of critical importance. In the context of
3DP, the learner’s attention focuses on the artefact being created as an “object-tothink-with” [8]. Papert stated that experiential learning practice in technological
environments can help students develop concrete representations of abstract concepts
and ideas. Similarly, practice in a 3D design and printing environment, which is a rich
source of interesting and challenging mathematical problems, can facilitate the
learning of engineering and mathematics concepts. In solving applied mathematical
problems, the creation of artefacts drives students to develop ideas and discuss them
with peers.
Researchers recommend concrete techniques for teaching thinking skills. These
techniques aim to directly introduce the thinking processes and make them visible and
explicit. One of these techniques is modelling, in which the teacher presents to the
students her/his own way of thinking when solving a problem [29]. Solving 3D design
and printing problems in groups can provide opportunities for using this technique.
Students can learn from their peers how they analyse the task, approach the design
problem, and become aware of different mental processes that otherwise remain
hidden.
Another technique is the metacognitive reflection [24, 30, 31], where students
reflect upon their way of reasoning. Teachers can foster students thinking by using
metacognitive prompts presented as questions in worksheets or during class
discussions and workgroup. Whimbey and Lochhead [32] pointed out that thinking
aloud during reasoning or problem-solving forces the thinker to be more careful,
aware and thorough in analysing ideas. Students may feel awkward and strange to
think aloud while working alone. However, when they work in groups on design
problems, thinking aloud is a natural way to collaborate and communicate with peers.
During the process of 3D design and printing, students can reflect, verbalise and
explain their design decisions. The designed objects not only constitute objects to
think with but also objects to talk about.
Several teaching routines for guiding and supporting thinking skill practice have
been identified [24]. The first routine is scaffolding, in which the teacher frames the
students thinking, providing explicit guidance. The second one, cueing, provides
students with prompts that help them along the thinking process without providing a
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precise answer. The regular use of the language of thinking in everyday classroom
discourse is also widely recommended. When students are involved in 3D design and
printing problems aimed at fostering analytical thinking, the language should include
identification of geometrical shapes, dimensions and problem constraints, finding
relationships between design and constraints and evaluation of the solution against the
requirements. Other recommended teaching routines are coaching and providing
feedback. In this study, we implemented several teaching routines and techniques to
promote students’ thinking.

4

The Learning Activities

In our study, we developed and evaluated a workshop, “Make a spinning-top.”
Learning activities in the workshop were designed following the theory of situated
cognition [19]. According to this theory, learning is tightly coupled with the context,
the activity, the artefacts, and the social interactions taking place in the learning
environment. We aimed to focus the learning activities on fostering analytical
thinking and applied mathematical skills. To this end, we formulated assignments as
ill-defined problems in which, in order to understand and solve them, students needed
to apply both intuition, analytical thinking, and mathematical modelling [33, 34]. The
modelling process included mathematising real-world situations, building a
mathematical model, and validating the mathematical solution in the real-world
context [35].
In the workshop assignment, devised following the above principles, we asked the
participants to act as toy designers contracted by a local candy brand. They were
prompted to design and 3D print a spinning-top toy that can fit into a Kinder Surprise
egg and spins as long as possible. After the design and 3D printing of the spinningtop, the participants were requested to present their solutions and explain their design
considerations and mathematical analysis. Since we did not specify the surprise egg
dimensions and the spinning-top geometry, the participants had to find the relevant
information by themselves and build a mathematical model to analyse the spinningtop.

5

The Study

The aim of this study was to develop, implement, and evaluate our approach to
fostering analytical thinking of students by engaging them in mathematical analysis,
design, and creation of 3D printed artefacts. We identified and characterised the
features of the assignment that prompted the learners to apply AT and AMS. We also
analysed prospective teachers’ reflections on the learning experience.
The study involved two groups of participants: 32 seventh grade students aged 1314 and five prospective teachers. All the middle school students belonged to the same
class and studied mathematics at an advanced level in a middle school located in the
central area of Israel. The prospective teachers were students of the Technion Faculty
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of Education in Science and Technology, majoring in technology education. The
majority of them held engineering degrees.
The study with prospective teachers took place during the fall semester of the
2018-2019 academic year in the framework of the course “Methods of teaching
technology – mechanics.” The workshop for middle-school students was conducted as
part of an in-school enrichment program for highly motivated but not necessarily
high-achieving students.
5.1

The workshop

The 10-hour workshop “Make a spinning-top” was conducted to both groups. The
workshop consisted of a two-hour introduction to 3D printing and eight hours of
experiential learning sessions. No prior knowledge was required to participate in the
workshop. The introductory lesson exposed the participants to 3D printing, its history,
actual uses and perceived potential. We demonstrated how the printer works and how
to design objects using Tinkercad software and print them using a MakerBot 3D
printer. At the last part of the introductory lesson, the participants performed a basic
exercise to get acquainted with the Tinkercad software and 3D design and printing
process. In this exercise, the students designed and 3D printed simple artefacts by
selecting and combining basic shapes available in Tinkercad, changing their
dimensions and spatial orientation.
The eight hours of experiential learning sessions were devoted to designing, 3D
printing, and analysis of a spinning-top that can fit into a Kinder Surprise egg and
spins as long as possible. The workshop was given in two versions, adapted to
prospective teachers and middle-school students. The introductory lessons were
similar for both groups, but the experiential learning sessions were organised in
different manners, as described below and in Table 1.
Table 1. Outlines of the two workshops
Duration
2hs.

Introductory lesson to 3DP

2hs.

Design of a spinning-top surprise toy using
Tinkercad

Homework

2hs.
2hs.
Homework
2hs.
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Workshop for prospective teachers
Activity

3D printing and re-design of the top

Workshop for 7th-grade students
Duration
Activity
Introductory lesson to
2hs.
3DP
- Design of a spinning-top
surprise toy using
Tinkercad, documenting
4hs.
the design in worksheets,
3D printing and re-design
of the top

Presentations of the created tops and design
Homework 3D printing
considerations
Design of an asymmetric spinning-top
Worksheets peer reviews,
3D printing and re-design of the top
class discussions on
4hs.
solutions and designs,
Presentations of the tops, design considerations and
presentations
mathematical models
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In the course for prospective teachers, the two hours of introductory lesson and the
eight hours of experiential learning sessions were given in parallel with lectures on
learning theories applied in technology education. The lectures presented the
principles of mathematical modelling [33], followed by an example explicitly
showing mathematical reasoning at each step of the mathematical modelling process.
The experiential learning practice was organised in four two-hour sessions. In the first
session, the prospective teachers (teacher-students) designed and 3D printed spinningtops. The teacher-students worked in pairs and were asked to think aloud during the
design process, following the steps of the mathematical modelling process presented
in the lectures. In the second session, they presented their design considerations,
including analysis of the designed spinning-tops' geometric and mechanical
properties. In the third session, the teacher-students were challenged with an upgraded
assignment to create an asymmetric spinning-top and base its design on mathematical
analysis. In the fourth session, the teacher-students presented their spinning-tops and
the results of their mathematical analysis, focusing on the top’s dynamic balance and
precession. After the workshop, the prospective teachers submitted written reflections
on their learning experience in the workshop. Examples of spinning-top designs and
their mathematical analysis performed by the prospective teachers are presented in
Fig. 1.

Fig. 1. Prospective teachers spinning-top designs and their mathematical analysis

In the middle-school class, the workshop was delivered by the researcher while the
mathematics teacher accompanied the sessions and provided support to the students.
The students worked in groups of four, designing their spinning-tops and discussing
their ideas. In contrast to the pairs as in the teacher-students workshop, the groups of
four students enabled to encourage students discourse and thinking aloud practice and
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reduce the number of groups. The design activity was guided by a worksheet where
the students wrote down their design considerations and mathematical analysis. The
worksheet provided scaffolding and cues. It also prompted the students to analytically
think about the spinning-top as a structure consisted of three-dimensional shapes,
calculate or estimate its maximal possible size and surface area, and solve equations
to determine geometric parameters.
The experiential learning practice was organised as two four-hour sessions,
according to the schedule given by the school administration. In the first session, the
students designed the spinning-tops while being guided by the worksheets. They 3D
printed their designs, tested the produced spinning-tops, and re-designed them if
necessary. The 3D printing of students’ products took place mostly between the
workshop sessions. In the second four-hour session, the students were asked to review
their peers' worksheets and give comments on the documented designs and
mathematical analysis. This assignment aimed to provide students with feedback on
their designs and expose them to their peers' designs and analyses. Next, the students
engaged in a whole-class discussion, presenting alternative solutions and design
considerations based on mathematical analysis. Through the review and discussion,
the students had the opportunity to explicitly see others’ ways of thinking when
performing the task and learn from them. Finally, each group presented the designed
spinning-top, and a competition was held, looking for the spinning-top that spins the
longest. Examples of sketches, designs, and artefacts developed by the students are
presented in Fig. 2.

Fig. 2. Middle school students’ sketches, designs and artefacts.

5.2

Data collection and analysis

Through observation of activities of school students and prospective teachers
(teacher-students), we identified cases in which they applied AT and AMS. We
analysed the cases using performance data from the students’ worksheets, sketches,
Tinkercad designs, and 3D printed artefacts. Regarding the teacher-students, we
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analysed applications of AT and AMS manifested in their presentations, task reports,
and answers to the post-workshop questionnaire.
Based on the literature [33, 36–39], we defined patterns of analytical thinking and
applied mathematics skills, denoted them by codes, and used the codes for the
analysis of the collected manifestations of AT and AMS. The defined codes for
analytical thinking were:
• AT1: Identifying and classifying different components of an object.
• AT2: Finding causal relationships among the components.
• AT3: Evaluating the usefulness and reliability of information for making decisions
and solving problems.
The codes for applied mathematical skills were:
• AMS1: Understanding real-world problems.
• AMS2: Using mathematical language to define problems, communicate ideas and
solutions.
• AMS3: Organising, analysing, and interpreting numerical data to determine
relationships among factors.

6

Findings

In this study, we developed and evaluated an approach to foster AT and AMS
through learning activities in 3DP. We designed assignments and evaluated learning
in two versions of the workshop given to middle-school students and prospective
teachers.
The first task for prospective teachers was to make a spinning-top that can fit into a
Kinder Surprise egg. Although the task was relatively easy, some of them did not
manage to create a spinning-top small enough to fit into the case, and others did not
spin. The mathematical models and explanations given by the prospective teachers
were at a relatively basic level, and they mostly referred to the moment of inertia. We
conjectured that the task was too open in terms of the expected mathematical analysis.
For the next task, we assigned the students to re-design their models and make
asymmetric spinning-tops. This time, the asymmetry constraint forced the students to
refer to the centre of mass and applied mathematical analysis to calculate it, as shown
in Fig. 1. Their previous experience led them to consider if the designed model can be
printed and if the amount and distribution of mass will allow spinning.
After the workshop, the prospective teachers submitted written reflections on their
learning experience in the workshop. Below are two excerpts, exemplifying the
prospective teachers’ reflections on using analytical thinking and applied
mathematical thinking during the learning process:
“3D printing made it possible to examine in practice the theoretical models
(physics and math formulas) and the actual model to check whether there was a
match.”
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“When we built the spinning-top we experimented with the following learning
skills: creative thinking (brainstorming, creating, designing, and imagining),
critical thinking (analysing, arguing, comparing, and evaluating), and
mathematical thinking (figuring out to use the centre of mass, thinking about
geometry, physics, vectors and strengths) ״.
The reflections indicated that the prospective teachers recognised the potential of
using 3DP to examine in practice the learned concepts.
In the middle-school students’ workshop, we used worksheets to scaffold the
design process with thinking prompts and questions. The task was openly defined to
allow for a variety of solutions and designs. The students were highly involved in the
activity. They collaborated to design their spinning-tops and discussed plausible
solutions using mathematical language. The 3D printing of the spinning-tops allowed
them to test their ideas and improve their designs. The students drew sketches, chose
geometrical forms for their designs, measured the Kinder egg container, and defined
the spinning-top dimensions (Fig. 2). Indications of analytical and applied
mathematical thinking were observed during the activity. We found that the
worksheet prompted and guided the students toward using AT and AMS.
When seeing the worksheet questions “What is the largest spinning-top that can be
inserted into the surprise egg?” and “How did you calculate the dimensions?”, one of
the students showed to his mathematics teacher a sketch of a square circumscribed by
a circle and asked:
“How can we find the largest square that can be inserted into the diameter of a
Kinder egg?”
In this example, the student understood the real-world problem (AMS1). He
identified the components of the problem and simplified them to build a mathematical
model: a circle for the circumference of the surprise egg and a square for the cubed
body of the designed spinning-top (AT1). He also communicated the problem with his
teacher using mathematical language and representations (AMS2). In response, the
teacher explained to him the Pythagorean theorem (which has not yet been taught in
the class) (AMS2, AT3). In the next session, the student presented the solution to the
class based on the Pythagorean theorem (AT2, AMS2, AMS3).
In other cases, we observed indications of mathematical and design discourse
(AMS2, AT3). When working on the worksheet prompt “Design the spinning-top.
What are the dimensions of each body compounding the spinning-top? Describe as
much as you can”, two students had the following conversation:
Student A: “To define the size of the spinning-top, we first must calculate the
volume of the cylinder [the Kinder Egg]. What is the formula of the volume of a
cylinder? I do not remember”
Student B: “Look it up on Google.”
After finding the volume formula:
Student A: “Ahhhh, it is better not to use the volume, but the diameter of the
Kinder egg”
The above dialogue exemplifies the discourse observed during the workshops. The
dialogue was in mathematical language. The students verified and revised their
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intuitive solutions using analytical thinking and evaluated the information needed for
solving the problem.
The summary of the findings received in our study is presented below.
• 3D design and printing practices, such as those explored in our study, can prompt
learning processes that are relevant for middle school mathematics classes and
expose the students to modern digital technology. Posing proper design
assignments and learning frameworks can prompt analytical thinking and applied
mathematical problem-solving.
• We identified specific features of the Kinder Surprise egg assignment that
stimulated AT and AMS in the students. The assignment was familiar to the
students from real life. It was complex and required the use of 3DP technologies.
The design problem was open and ill-defined, requiring the students to think
analytically on how to make the spinning-top and apply mathematical reasoning in
order to determine its shape and dimension so that to fit it into the given egg. The
level of the design problem was adapted to the level of learners. While the middle
school students designed a symmetric spinning-top, the prospective teachers had to
design an asymmetric top, which demanded of them to analyse its geometrical and
mechanical properties.
• The assignment worksheet served as a useful tool to scaffold the middle school
students in learning through the 3DP practice. The worksheets included questions
that invited the students to systematically observe the components of the designed
spinning-top and mathematically analyse their characteristics. In the worksheets,
the students systematically documented the problems they solved along the 3DP
process, including the concepts and theorems (e.g., the Pythagorean Theorem) that
they used to calculate the geometric parameters of the models.
• Commending the contribution of the 3DP workshop, the prospective teachers
evaluated the opportunity to examine in practice the basic concepts of dynamics,
implement mathematical solutions in designs, materialise the designs into physical
artefacts, and develop instructional units on the subject.

7

Discussion and Conclusion

Preparing students for life in the era of digital transformation is an important
mission of modern education. The implementation of this mission requires the
provision of digital literacy, of which computer-aided design and 3D printing skills
are an integral part. In this paper, we showed how to introduce a workshop in design
and 3D printing in middle school and teacher education, in order to foster the
development of analytical thinking and applied mathematical skills. We integrated
learning thinking skills through 3D design problem-solving in a middle school
mathematics class and a technology education course.
We have found that 3DP activities can foster analytical thinking and applied
mathematical skills. This finding is in line with results of previous studies in designbased learning as a way to teach mathematics [6, 40]. In our case, we use designbased learning to teach how to apply mathematics to solve real-life problems. Our
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study adds to prior work by determining the characteristics of 3DP assignments that
promote analytical and applied mathematical thinking skills. The use of open-ended
assignments for promoting thinking skills was recommended in the literature [41, 42].
Our study indicated that adding appropriate constraints to such an open-ended
assignment may promote thorough mathematical modelling and, this way, lead to the
development of analytical thinking and applied mathematical skills. In our workshop
for prospective teachers, the asymmetry constraint was the drive that inspired the
teacher-students to use analytical and applied mathematical skills in the 3DP
assignment. Similarly, the fitting into a surprise egg constraint provided middleschool students with a challenge not only to represent the real-life situation
mathematically but also kept them away from proposing an intuitive solution to the
design task.
Following the literature recommendations, we encouraged the school students to
think aloud and provided them with the opportunities to share and discuss their
solutions with their peers. These practices not only contributed to fostering thinking
but also enabled us to follow students’ thinking processes. In line with previous
studies on teaching thinking skills [30, 43, 44], we found that worksheets with
prompting instructions, questions and cues can serve to scaffold middle-school
students’ thinking and induce metacognitive reflection.
To prepare students for the challenges of the fast-paced, changing world, we have
to impart prospective teachers’ competencies for teaching with digital technology.
The prospective teachers that participated in this study recognised the potential of
3DP to promote learning as well as thinking skills. Together with other researchers
dealing with 3D printing in education [1], we claim that 3D printing the designed
artefacts can help to visualise the learned concepts and test the solution, and provide
added-value to the learning-by-design experience. In our study, the 3D artefact served
as an object to think with as well as an object to relate to while thinking aloud during
the design process.
The positive results of the implementation of our approach in one middle-school
class and a teacher education course prompt us to continue and deepen the study. We
are interested in exploring more explicit use of thinking vocabulary, coaching, and
feedback in different 3DP assignments. Further work should consider a more
extended intervention and a broader age range. Also, future investigation is needed to
explore ways for a more thorough evaluation of learning outcomes, and particularly
the gain in analytical thinking and applied mathematical skills.
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