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Abstract—We describe a project that aims to motivate un-
dergraduate engineering students to participate more in
mathematics courses. Our approach shares characteristics
of active, project-based and problem-based learning. We
have developed interactive projects that deal with the math-
ematics behind real-world applications. In this paper, we
describe one example project in detail, and discuss our guid-
ing principles in designing projects. The projects are open in
the sense that there are many possible solutions, and several
possible follow-up questions. We use a MATLAB environ-
ment, which helps intuitive understanding of mathematical
notions, lowers the barrier to programming, and provides
many interfaces. Our activities are bundled in an education
lab, which we also briefly describe. We conclude with an
assessment of the impact of the supplementary courses.

Index Terms—Digital and online engineering education,
Open and project based learning, Sustainable energy for all

L INTRODUCTION

“Why do I need to study mathematics? I just want to
build cars.”

“Mathematics is solving problems with pen and paper.
Programming a computer is computer science.”

Contrary to engineering, mathematics as a science is
method-oriented and not problem-oriented. In undergrad-
uate courses as well as in high-school classes, a theoretical
structure is built from the ground up, and the main pur-
pose is to introduce notions in a consistent and systematic
way. For instance, one typically introduces the natural
numbers, then integers, followed by the rational numbers,
real numbers, and finally complex numbers. This is sub-
sequently extended to vector spaces. While this way of
teaching certainly is reasonable, it leads to motivation
problems among the participants. “Why do I need to study
this?” is a frequently asked question. Often, students rec-
ognize the usefulness of mathematics too late in their
studies.

Many initiatives aim at changing the classical university
and especially engineering education. One of the reasons
is to motivate students. Also, it has been recognized that
the landscape of engineering in society has dramatically
changed. Engineers (and scientists) are not only problem
solvers anymore, but also problem definers, and members
of multidisciplinary, diverse, international teams. It has
therefore been argued that there is a need for new learning
styles that foster creativity and innovative thinking.
Examples of these initiatives are CDIO (Conceive-Desig-
Implement-Operate) [6], ICTMA (International Study
Group for the Teaching of Mathematical Modelling and
Applications, cf. the book series [7]), or Computer-Based
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Figure 1. Field of mirrors in a Fresnel plant (source: Novatec Solar
GmbH). What are optimal mirror sizes and positions? How high does
the pipe have to be?

Math [9], and the many active and problem-based learning
initiatives [10].

We try to contribute to this growing field by developing
interactive, problem-oriented material that accompanies
the transition period from high-school into university, i.e.
the final years of high-school and the first years of under-
graduate studies (cf. Figure 2). We specifically do not
modify the method-oriented structure of the courses them-
selves, because we believe that method-oriented thinking
is useful for students. Undoubtedly, questioning and im-
proving the available tools (which we understand as
method-oriented thinking) often leads to advances in en-
gineering designs. Mathematics is often the only strict
method-oriented course in an engineering curriculum.

In the projects, on the other hand, mathematics is intro-
duced in a playful way, which is directly aimed at the
problem solution. We take a practical technology from
everyday life and show the mathematics behind it. The
mathematical notions that are new to the students are
introduced exactly at the point when they are needed. The
material is supported by simple MATLAB programs. In
that way students can easily experiment with different
model refinements and mathematical solution techniques.
Our goal is to spark interest for higher mathematics by
demonstrating the practical relevance of abstract notions,
to motivate, and to provide students with positive feed-
back.

Our approach has some aspects of project-based [5] and
problem-based learning [1]. According to Blumenfeld and
Krajcik [5] there are several studies that demonstrate the
positive effects of project-based learning concerning the
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Figure 2. CAMMP adresses students of the final years of high school
as well as first-and second-year undergraduates.

learning effect of students. Many other projects, papers
and initiatives exist. However, because of the vastness of
the literature and limited space, our list must be incom-
plete. A problem-based concept to augment mathematical
education in mechanical engineering was realized in the
winter term 2012/13 at the University of Applied Sciences
Kiel. The students that attended to this course also aimed a
better learning effect than the students of the regular
courses [2]. Another possibility to augment mathematical
education for undergraduate or high school students are
mathematical modeling weeks where real world problems
have to be solved with mathematics. Working on these
problems similar to problem-based learning, new mathe-
matical concepts and methods are discovered when they
are needed to solve the real world problem. In this way
students learn the fundamental meaning of mathematics
for other sciences, industry and every day life. In the
framework of modeling weeks students deal with model-
ing problems which are authentic and do not have an op-
timal or unique solution. In [4], a classification of the
recent modeling approaches is given. According to this
classification our described modeling activities correspond
to the realistic or applied modeling perspective. In Ger-
many there are a few modeling weeks such as our concept
and the modeling week of TU Kaiserslautern [3].

This paper is an extended and updated version of a con-
ference contribution [15]. Its remainder is organized as
follows. In the following section we describe an example
and how we have implemented it with interactive
MATLAB codes. Our design principles are described and
put into context in Section III. In Section IV, we describe
the organizational framework of the education lab
CAMMP at RWTH, before concluding with an outlook.

II. AN EXAMPLE

We try to explain our approach with the example pro-
ject Optimizing a solar power plant, which we have used
several times with undergraduate and even high school
students.
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Figure 3.

Secondary reflector light path. Light from the sun is reflected
by plane mirrors, and then hits the absorber tube either directly, or is
captured by a secondary reflector, and then bundled onto the absorber
tube.

The energy sector is currently in a transition towards
renewable energies. Solar thermal power plants are one
possibility for sustainable energy production. When con-
structing such power plants, one searches for the most
economical design. This is a setup, which maximizes
energy production at minimal costs.

A Fresnel solar thermal power plant consists of long
plane mirrors that concentrate sunlight onto absorber tubes
(0), and thus heats the liquid contained in these tubes. Via
a heat exchanger, this hot liquid is used to evaporate wa-
ter, which in turn drives a turbine. A secondary reflector
around the absorber pipe collects secondary radiation that
would otherwise miss the pipe (Figure 3. ).

In a workshop that can last from 90 minutes to a whole
day, students develop a mathematical model to describe
the energy production of such a power plant. They use real
sun data from a known plant site. The main tool is a
MATLAB code, in which the students fill-in missing lines
and formulas (Figure 6. ). At the same time, the code
provides feedback by displaying the result graphically
(Figure 7.). This entices the students to re-think and refine
their formulas.

The first question is: Depending on the sun position, in-
to which direction does a mirror have to point such that
the sunlight is reflected onto the absorber? We make the
following model assumptions. All considerations will take
place in 2D (Figure 4. ), while an extension to 3D can
easily be accomplished. Furthermore we assume that the
sunrays are parallel (a sun band) and that all radiation
captured by the secondary reflector reaches the absorber
pipe. In the beginning we only consider a single mirror
which is positioned directly under the absorber tube.

In the first task students need to determine vy, the angle
of inclination for the mirror, which is the angle between
the horizon and the normal of the mirror. The angle be-
tween the incident sunrays and the horizon is a. Since in
this setup the mirror is positioned exactly below the pipe,
the angle 3 between the horizon and the reflected sunrays
is g Thus the angle of inclination y must be determined by

the angle of the sun incidence a. Using the law of reflec-
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Figure 4. The geometry of mirror positioning with incident radiation
(red) and reflected radiation (green): a angle of the sun over the hori-
zon, [ angle between the horizon and the reflected sun rays (in this
setup f = 90°, since the mirror is positioned exactly below the pipe), y
mirror angle so that the sun rays are reflected into the direction of the
absorber tube, [ width of the mirror, h the height of the absorber tube, b
width of the secondary reflector, incident radiation band e.

tion, which states that the angle of incidence is equal to
the angle of reflection, and simple angle theorems it is
immediately clear, that § —y = y — « and thus

y=%(a+[)’)=%(a+g).

However, the students are quite free in the triangles and
the sine and cosine theorems they use.

Since in the first task the mirror was put in the correct
position the second task is to compute the amount of pow-
er Py, reaching the mirror. After that the ratio a of the
reflected radiation captured by the secondary reflector to
the total incoming radiation can be determined. Using
these two results one can calculate the power Py reaching
the absorber tube. Let the width of the mirror be l. The
irradiation density is given in power per meter. One can
refer to the width of the reflected radiation band e as the
effective mirror size. Using some theorems about angles
and the angle sum in a triangle the angle between the
mirror and the sun radiation band can be determined as
y — a. Thus the effective mirror size is e = - cos(y —
a). Therefore we get Py, = e - L for the power reaching
the mirror.

I 4
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Figure 5. Model of a shifted mirror. Incident sun ray (red); reflected
sun band (green); mirror shift d.
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Also the reflected sun band has the width e and thus the
power Py,. Since the sunrays incide perpendicularly on the
secondary reflector, the ratio a of the reflected sun band,
which reaches the secondary reflector and therefore the
absorber tube, is a = min{1, b/e}.Finally, the power
Py reaching the absorber tube can be determined by

Pp=a-Py.
While at first the mirror is directly located under the

pipe, in the third task it is moved to the side by the dis-
tance d (Figure 5. ).

The height of the absorber tube is h. One gets

h
arctana, d<o
B=11/2, d=0
h
n—arctana, d>0

by using the tangent.
Also in case of the shifted mirror the angle of inclina-
tion y can be determined by y = %(a + B). And also the

power reaching the absorber tube can be computed in

three steps: The calculation of the amount of power reach-

ing the mirror does not change: Py, = e - L with
e=1-cos(y — a).

The ratio a of the reflected sun band, which reaches the
secondary reflector, is a = min{1,b-coso/e} with
o =|B—mn/2|. As before, the power P, reaching the
absorber tube can be determined by
Pp = a- Py.

Once students are able to calculate the produced power
for any sun position, real sun data is used to compute the
energy production per year. This can be solved by numer-
ical integration. Students very easily develop some kind of
rectangle or trapezoidal rule, two well-known quadrature
methods, by themselves without much help. As a next step
the students have to refine the model by considering dis-
turbances like the following: Sunrays are not really paral-
lel, the mirror surfaces are not optimal flat and a perfect
alignment of the mirrors is not practicable.

Then a simple optimal design can be computed: Given
a fixed mirror size and pipe/secondary reflector size, how
high does the pipe need to be above the ground? If a pipe
is too low, not enough radiation will reach it. If on the

M O Editor - /home/otte/Desktop/pr172703_CAMMP/CAMMP day/solarkraftwerk/code /matlab/fresnel.m
File Edit Text Go Cell Tools Debug Desktop Window Help
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53 % Normalenwinkel gamma des Spiegels [rad]

54 - normalWinkel = 0;

55

56 % Auf dem Spiegel ankommende Leistung [W] {
57 - leistungRufSpiegel = 0; [[,
58

59 % Anteil der am Rohr ankommenden Leistung
60 % an der reflektierten Leistung [0..1]
6L -  anteil = 0;

63 % Am Rohr ankommende Leistung [W]
64 -  leistungAmRohr = 0;

66 % Eingefangene Energie eines ganzen Tages [Wh]
67 - EnergieProTag = 0;

[

script Ln 1 Col 1

Figure 6. Sample MATLAB code (in German). In line 54, students
have to enter a formula for the angle y from the previous figure, in
terms of the sun angle. Line 57 requires the computation of the effective
mirror size and thereby the sun power on the mirror. Similar formulas
have to be entered in lines 61, 64 and 67.
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other hand it is too high, the atmospheric attenuation will
prevent radiation from reaching it. Thus there must be an
optimal value which students can compute either by trial-
and-error, or by simple optimization techniques.

The problem can even be extended, so that students
pass several times through the modeling cycle (Figure 8).
Starting from the real situation, a simplified situation is
defined (e.g. working in 2D). A mathematical description
(e.g. using trigonometry) is followed by a numerical solu-
tion and interpretation of the results. Beside the trigono-
metric solution explained above the problem allows the
application of a wide range of different mathematical
techniques. One can add multiple mirrors and thus block-
ing and shading. This can again be solved by trigonome-
try; the solution is more complicated though. One can add
curved mirror surfaces (which is actually done in reality).
Then trigonometry will not work anymore. However, a
ray-tracing algorithm will, and is a solution that many
students find on their own. The optimization problem can
also ask for several more optimal parameters, like e.g.
mirror size, distance between mirrors or size of the sec-
ondary reflector (which also blocks the sun and thus
should not be too big). The optimal design of the second-
ary reflector is another interesting project. It can be mod-
eled as the solution to an ordinary differential equation!
Sensitivity analysis is another natural topic to tackle: How
sensitive are the optimal parameters to weather changes?

III. METHODS

The methods we employ are centered around several
guiding principles by which we choose our problems, and
the tools we employ. In each subsection, we have men-
tioned similar approaches that we are aware of and sug-
gestions for further reading. We are certain that the list is
far from complete.

A. All projects are real

Many textbooks in school use pseudo-applications in
the sense that an application is artificially built around an
otherwise standard task. For example:

The height of a rollercoaster is given by the function
f(x) = (x? + 2x — 4)e*. Find the maximal height of the
rollercoaster.

Students of course realize that they are not really con-
structing a rollercoaster. Questions like the one above
actually have an adversarial effect: Students tend to be-
lieve less in the relevance of mathematics for everyday
life.

Our problems, on the other hand, are real. The solar
power plant problem actually is a simplified version of a
past PhD project. When the project is finished students
can compare their results with the parameter values that
are used in actual solar power plants. These parameters
agree very well with the ones obtained by the very simple
model that was developed in the workshop.

B. Mathematics solves real-world problems

Our aim is that students see a connection to the under-
graduate course they are taking. In our case, we combine
the project on solar power plant optimization either with
the first-year course on linear algebra and geometry, or
the second-year course on optimization methods. Our
other projects also fit certain topics: We offer a course on
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Figure 7. A simple graphical display provides immediate feedback.
Shown are sun angle, mirror angle, and the sun image on the absorber.
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Figure 8. The modeling cycle in our project.

stability of bridges, which is an application of linear sys-
tems of equations. Our course on GPS needs curved coor-
dinate systems and nonlinear least squares methods, the
technologies MP3 and JPEG use the Fourier transform,
possibly in its incarnation as Fast Fourier Transform
(FFT).

For high-school students we try to have as few prereq-
uisites as possible. They acquire the necessary tools on the
spot, like sine and cosine identities in triangles. Still, the
significance of mathematical models for the real world
becomes apparent.

C. Everyone can think in algorithms

We have observed that many students shy away from
writing even simple computer codes. This is in spite of the
impression that they can very well think in terms of algo-
rithms. We believe that this is due to unnecessary hurdles
that many programming languages put into one’s way.
One has to declare variables, write header files, use object
classes, and so on. To overcome this problem, we use
MATLAB. One can directly enter mathematical expres-
sions, without declaring the types in advance. Vectors and
matrices are the basic types, and can be used very intui-
tively. Visualization of a result is extremely simple. There
exist many built-in functions, including linear algebra
solvers and optimization routines.

Interfaces to e.g. webcam and microphones exist, which
we use for the projects on image and music compression.
It is possible to read many formats, e.g. GPS raw data.

The idea to use MATLAB came when we observed to
students who came up with an algorithm, but did not dare
to touch a computer. A group advisor put them in front of
MATLAB, and told them to write a code or pseudo-code
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as well they could. He then corrected some very few mis-
takes, and the program was running.

We encourage students to write code together on a lap-
top that is connected to a projector. This involves more
people in the group. We believe it is essential that engi-
neers view computers as a design tool. This tool becomes
ever more important. Our hope is that they do not use it as
a black box though, but be curious as to what is inside.

Viewing algorithms as the new literacy in our digitized
world is an idea that has been put forward by many au-
thors recently [11,12].

D. There is more than one solution

Many mathematics textbook problems, especially
proofs, are like jigsaw puzzles: Given are some ingredi-
ents (assumptions), prove the following claim. It is pretty
clear to students that the problem is designed so that they
need to use all assumptions. However, they do not learn to
come up with hypotheses. Furthermore, creativity is very
limited by the several assumptions that need to be pieced
together. Open problems as an alternative way of teaching
mathematics have been put forward frequently [13,14].

Our problems are open in the sense that there is more
than one way to solve a problem. For instance, the calcu-
lation of the mirror direction can be done by very different
trigonometric theorems. It can also be solved by linear
algebra: The sunrays are described as parallel lines, the
mirror is a line too. Sunrays are reflected on that line,
which can e.g. be written down as a matrix vector opera-
tion. One can consider forward (follow the ray from the
sun to the pipe) and backward rays (start at the pipe and
see if the ray came from the sun). Our code that provides
feedback only checks if the formula gives the correct
result, and displays the students’ result.

E. Science is never finished

We also want to stay clear of a too narrow view of a so-
lution. Students should learn that a design process is never
finished. During the process, often times more questions
appear than were successfully addressed. In the solar
power plant example we ask just this in the additional
tasks: What about more than one mirror? What if the mir-
ror is curved? Should the secondary receiver be shaped
like a parabola, or is another shape optimal? The students
have to focus on one aspect in order to finish with a result
in the given timeframe. However, we hope that they be-
come aware of other potential challenges. This, again, is
different from a typical exercise, which has a clear ques-
tion and a clear answer, and is done.

IV. ORGANIZATIONAL FRAMEWORK

So far we have implemented a total of five projects
(Stability of bridges, How does Google work?, Optimiza-
tion of a solar power plant, How does GPS work?, How
do MP3 and JPEG work?), with several to follow. The
projects are regularly used in the Bachelor course Compu-
tational Engineering Science at RWTH Aachen, Germany.

The projects were designed within the Education Lab
CAMMP (Computational and Mathematical Modeling
Program). CAMMP is a teaching and learning laboratory
of mathematical modeling at RWTH, which addresses
students of the final high school years as well as first-and
second-year undergraduates, cf. Figure 2. . CAMMP aims
at pointing out the social relevance of mathematics and
simulation sciences. Depending on the constraints like
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working time, group size and amount of advisors we try to
find an optimal balance between active and passive as
well as method-oriented and problem-based learning.

CAMMP brings together undergraduate as well as high
school students with university researchers to introduce
the basics of computational modeling through hands-on
exploration. Under the supervision of faculty and re-
searchers, students construct a solution to a challenging
real-world problem drawn from industry, business or
government. The solution will require the use of both
analytical tools as well as numerical simulations. Students
will also expand their team-building skills. Moreover,
CAMMP gives students an insight into professional ca-
reers in science, technology, engineering, and mathemat-
ics.

Beside one-day workshops, CAMMP also offers mod-
eling weeks. In that format, a group of typically six stu-
dents works for one week on a real-world problem. One
academic advisor who gives as little hints as possible
guides the group. The group develops computer code,
prepares a report, and gives a presentation at the end of the
week. Example projects are: How can one measure veloci-
ties of cars with a cell phone camera? or How can one
optimize the booking system of a car sharing company?
Again, the projects are real; company representatives
attend the final presentation. Each student is encouraged
to write code.

V. OUTCOMES & CONCLUSIONS

We have observed that the attendance (which is not
mandatory at our university) in project courses is higher
than in the normal exercise sessions. Furthermore, stu-
dents are more motivated to do exercises after the projects.
In a few cases, students have continued to work on the
additional questions of the projects by themselves. The
projects receive very good marks in teaching evaluations.

During our modeling weeks, students regularly work at
night on their own. Having a problem to crack and a lim-
ited timeframe appears to be very motivating

We believe that augmenting mathematics courses by
project-based learning modules can be very beneficial for
the motivation of the students. It leads to increased partic-
ipation, and finally also to higher success.

The materials are available from the authors (currently
only in German).
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