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Abstract—Dynamic mathematics software (DMS) has been used in mathe-
matics education for years. However, there is little research which considers in-
tegrating the pedagogy of cooperative learning in the DMS environment. The 
aim of the study is to investigate, using a quasi-experimental research design, 
the effect of cooperative learning with DMS on students’ mathematics 
achievement. Students in experimental group learned the topic of inversely pro-
portional functions cooperatively using DMS while those in control group had 
typical didactic instruction. Participants were all ninth-grade students in a Ma-
cao private school. Participants were administered an achievement test designed 
by schoolteachers before and after the instruction. Analysis of students’ results 
on this measure, pre- and post-intervention, showed that the combination of co-
operative learning with DMS had a significant influence on students’ mathemat-
ics achievement. 

Keywords—Dynamic mathematics software (DMS), cooperative learning, in-
versely proportional functions, mathematics achievement. 

1 Introduction 

As an abstract subject, mathematics education has a long history of using technolo-
gy to facilitate students’ acquisition of mathematical concepts and knowledge [1]. For 
example, graphic calculator has been used for more than 30 years [2]. Nowadays, 
technology usually refers to new devices such as hardware and software [3]. For ex-
ample, tablets and personal computers with appropriate applications were used to help 
children’s comprehension of numbers [4] and problem solving [5] . Interactive white-
boards and its associated software are installed in the classroom to support the whole-
class mathematics lessons [5]. Strategic use of technology is recommended to strength 
the mathematics instruction altogether [6]. 

Function is one of the most important topics taught in secondary mathematics edu-
cation. Students are expected to learn various types of functions such as linear func-
tion, proportional, reciprocal, affine function, and quadratic functions etc [7]. Howev-
er, many students have difficulty understanding and applications of the principles 
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underlying these various function; further, grasping such concepts, more often than 
not, is necessary for acquiring other, more complex mathematical concepts [8] [9]. 
The efficacy of using technology to facilitate student’s learning in these area remains 
a key question that mathematics teachers are keen to know. Dynamic geometry soft-
ware (DMS), as a content-specific application for use in mathematics calculations, is 
one of the tools mathematics teachers use to translate abstract mathematical concepts 
to more concrete, readily comprehensible forms. The following section presents a 
literature review of the related work that inspires the current study. Such investiga-
tions consider difficulties students encounter when learning mathematical functions; 
dynamic geometry software and its potential and challenges in mathematics instruc-
tion; the value of cooperative learning in supporting students’ learning. In light of the 
findings thus for derived, we also discuss the value and contributions of the current 
study.  

1.1 Students’ difficulty of learning functions 

Even though function is an important topic in secondary mathematics, students are 
not very proficient in their use. Learning mathematical functions requires students to 
gain knowledge and fluency in a range of external representations of mathematical 
concepts (including algebraic, graphical, tabular representation). However, students 
often encounter difficulties and acquire misconceptions in endeavoring to learn func-
tions [8] [9]. The dual nature of function as object and operation might generate con-
fusion to students [10].The intrinsic ambiguities in the mathematical notation is an-
other challenge. In terms of instruction, the lack of mathematical tasks at schools 
make students hard to gain a solid understanding of function [11]. Students could not 
easily make flexible representational choices, as is necessary to solve a mathematical 
problem [12]. They cannot accurately link representations of proportional and various 
kinds of inversely proportional functions, positive slope affine functions and negative 
slope affine functions [13]. Since these functions are conceptually related, students 
often associate an inversely proportional function to representations of proportional 
functions or affine function with a negative slope. When function value is displayed in 
a table, students can verify if these data fit a given function. However, they can have 
problems in connecting a formula with its graph and vice versa. Their understanding 
of functions is mainly on linear and proportional functions. They tend to select or 
produce a linear graph to non-proportional model. This phenomenon has been charac-
terized as an overreliance on linearity and proportionality [14]. Therefore, students’ 
understanding of functions is often incomplete and confusing, even after graduation 
from high school [15]. 

1.2 Dynamic geometry software  

Dynamic mathematics software (DMS) has been used in mathematics education for 
years. DMS, as a content-specific software handling mathematics-related operations, 
includes various representations of mathematical concepts in a platform [16]. A 
change in formula of a function would alter its corresponding graphical representation 
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[17]. This context provides hand-on practice and concrete experience for students 
endeavoring to learn mathematics [18]. Besides, the preserved properties of mathe-
matical concepts remain constant in dynamic transformations; this makes the job of 
teachers significantly easier and more productive [19]. Learning condition involving 
manipulations of properties of geometric objects with DMS might reduce demands on 
a learner’s working memory capacity [20]. Therefore, learning with DMS can im-
prove students’ mathematics achievement [21] [22] and learning motivation [23] [24].  

Despite the potential of DMS to facilitate mathematics education, there are chal-
lenges that are encountered with its integration. For instance, students may neglect the 
mathematical concepts to be learned and focus exclusively on solutions. In another 
regard, they may experience cognitive overload [25]. Teaching with DMS also re-
quires a different emphasis in teaching strategy [26]. 

1.3 Cooperative learning as teaching strategy 

Cooperative learning may help students overcome the challenges mentioned in 
previous section. This approach has widely been studied and adopted in educational 
contexts. Students in cooperative learning environments generally have higher 
achievement and self-esteem than those studying in individualistic and competitive 
environments [27]. Slavin [28] suggested using the Student Teams-Achievement 
Divisions (STAD) as the cooperative learning method wherein students are grouped 
heterogeneously to help each other in the learning process. Cooperative learning has 
been found to improve students’ mathematics achievement, attitude and transfer of 
knowledge when it is implemented effectively [28] [29] [30]. Therefore, cooperative 
learning has been extended to technology environment e.g. interactive whiteboard 
[31], web-based environment [32] and DMS [33]. Since DMS can provide a shared 
working space with instant feedback, integrating DMS into cooperative learning pro-
grams may provide opportunity for students to discuss together and help one another 
to solve the issue of cognitive overload and focus on the mathematical concepts. 
Zengin and Tatar [33] found that cooperative learning with DMS facilitated students 
in learning hard mathematical concepts. 

1.4 Present study 

Although DMS has been studied for many years, there are few a meta-analysis or 
systematic reviews of studies investigating its effect in mathematics instruction [21]. 
Only one study has been identified with the instructional approach of cooperative 
learning with DMS. Zengin and Tatar [33] applied the cooperative learning model, 
supported with DMS, to teach a group of 61 high school students about the quadratic 
functions and sequences topics. The results showed that students in the treatment 
group had better performance on a mathematics achievement test than the control 
group; as well, the students liked the new learning model using DMS. As the study of 
Zengin and Tatar [33] was a single group pre-test post-test design, it is necessary to 
verify their findings. 
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This study fills the research gap existing in which there are few empirically based 
studies of the field of DMS and cooperative learning. The research integrated the 
cooperative learning model with DMS, with the intention of correcting students’ over-
reliance on linearity and proportionality [34]. DMS provides a link among visual, 
tabular and formula-based representations of function to students. Overall, students 
showed an interest in studying within this concrete, visualized and dynamic environ-
ment. In the STAD cooperative learning model, students studying in a heterogeneous 
group had the potential to make weaker students perceive less difficulty in under-
standing the topic. They also were able to challenge one another’s understanding and 
improve the communication and collaborative skills. As the research design of the 
previous study was a single group pre-test post-test design, there exists many threats 
to the validity of the findings [35]. Therefore, this study investigates the effect of a 
cooperative learning model with DMS on students’ mathematics achievement using a 
quasi-experimental research design. The following research questions guided the 
investigation: 

1. What is the students’ achievement on the learning of inversely proportional func-
tion with the cooperative learning model with DMS? 

2. Is there any difference between the effects of instruction on mathematics achieve-
ment between the treatment and control group? 

3. Is there any difference between the attitudes toward mathematics of treatment 
group before and after the intervention?  

4. What is students’ perception of cooperative learning model? 

With reference to the literature discussed above, the current study hypothesized 
that students in the treatment group of cooperative learning combined with DMS 
would gain a higher score on the mathematics achievement test of inversely propor-
tional function. It was also hypothesized that they would have a better attitude to-
wards the new approach of learning. 

2 Methodology 

2.1 Research design 

This study followed a pre-test and post-test quasi-experimental design. Before the 
intervention, participants were evaluated for their pre-requisite knowledge of inverse-
ly proportional function and their attitudes towards mathematics. After that, they were 
given a series of four lessons across five days to learn inversely proportional function. 
Students in the control group learned this material in traditional manner, namely di-
dactic instruction. Students in treatment group learned cooperatively using DMS. 
After instruction, students’ knowledge of inversely proportional functions and their 
attitudes towards mathematics were measured. Students’ perception of the cooperative 
learning was also collected. 
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2.2 Participants 

The principal of a Macao private school was purposefully contacted because the 
school has been using DMS in mathematics instruction for a number of years. After 
the approval of the Principal to conduct the study, the instructional design of DMS 
integrated with cooperative learning, was sent to the schoolteacher. Researchers fol-
lowed the ethical principles of confidentiality and anonymous use of data. Participants 
were two classes of ninth-grade students in that school. According to the school in-
formation, the two classes were of similar performance level. They were 52 students 
in two classes. The number of male and female students were 34 and 18 respectively. 
The treatment group had 16 boys and 10 girls, while the control group had 18 boys 
and 8 girls. Each classroom in the school had a projector with screen and computer. 
Mathematic teachers in that school had been using a self-developed DMS tool, 
DM_LAB (Dynamic Mathematics Laboratory). Therefore, students were familiar 
with DMS (they had some experience of using DM_LAB in grade 7 and 8). Mathe-
matics teachers usually demonstrate mathematical concepts with DMS in class for 
students to observe. Teachers sometimes provide opportunities for students to manip-
ulate mathematical objects in the computer laboratory. DM_LAB was developed by 
the former president of Macao Computer Society. DM_LAB is designed for users to 
learn mathematics by exploration [36]. It is a virtual laboratory where students can 
explore mathematical concepts in the area of geometry, algebra and calculus. A screen 
shot of DM-LAB is provided in Figure 1. 

 
Fig. 1. User interface of DM-LAB. 

2.3 Learning activities of treatment and control group 

In each lesson, the treatment group followed the flow of: 

1) Whole class instruction by the teacher 
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2) Discussion among group members 
3) Individual quiz 
4) Group review 

The time allocated for the four sessions was 15 minutes, 18 minutes 5 minutes and 
2 minutes respectively. First, teacher aroused students’ interest in the topic and pro-
vided necessary information on the blackboard. This was to ensure that students un-
derstand the content and were ready for group discussion. During group discussion, 
members asked questions, made suggestions, and solved the problem with the help of 
DM_LAB and a given worksheet. The group leader had to sum up ideas provided by 
the group members. In individual quiz session, students were given 5 short questions 
to answer. The purpose of the quiz was to examine if students achieve the learning 
objective or not. Group members had to check if their work was done appropriately or 
not. Finally, the group review session allowed group members to know the perfor-
mance of each group by adding their individual score. The group with the highest 
score would be publicly recognized in class by the teacher so as to motivate students 
working in groups. Therefore, the treatment group always studies in the group with 
DM-LAB. 

For the control group, the teacher would explain the concept on blackboard to the 
whole class. Students learned the graphical property of inversely proportional func-
tion and plotted its graphical representation in a worksheet by following the teacher’s 
instruction. Students in the control group mainly listened to and observed teacher’s 
instruction. They had only one lesson to work with DM_LAB individually. 

2.4 Data collection tools  

Mathematics achievement test - The purpose of the first mathematics achievement 
test was to measure students’ prerequisite knowledge of inversely proportional func-
tion. Proportional functions are taught before inversely proportional functions; it is 
necessary to know whether there exists a difference of proficiency of proportional 
functions. Therefore 19 items were designed by the school mathematics teachers to 
measure students’ understanding of the different representation of linear proportional 
functions. Appendix 1 lists the sample test items of the pre-test. 

The purpose of the post-test was to examine the effect of instruction on two 
groups’ mastery of inversely proportional functions. Another set of 19 items were 
designed by the school mathematics teachers to measure students’ understanding of 
the different representation of inversely proportional functions. Appendix 2 lists the 
sample test items of post-test. 

Attitudes towards mathematics - The Chinese version of the Fennema-Sherman 
(1977) mathematics attitude scale [37] was used as a measure of the attitude towards 
mathematics. We adopted 5 constructs of the whole questionnaire, including students’ 
perception of mathematics on the construct of success, confidence, anxiety, motiva-
tion and usefulness. The questionnaire has 60 questions and each dimension contains 
12 questions. The reliability coefficient of the 5 constructs are all between 0.6 and 0.8 
in the five dimensions.  
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Perception of cooperative learning - Students in treatment group were given a short 
survey to seek their perception of cooperative learning with DMS. The survey con-
sisted of 5 statements which were in the format of a Likert-type scale with the follow-
ing anchors: 1 strongly disagree, 2 disagree, 3 neutral, 4 agree, and 5 strongly agree. 
The survey measured students’ behaviors during cooperative learning in 5 aspects: 
expression, listening, attention, communication and sharing [38]. 

2.5 Data analysis  

Descriptive statistics of students’ achievement scores in pre-test and post-test were 
explored. The Shapiro Wilk test was used to check if the collected data came from a 
normally distributed population. Results showed that the normality assumption was 
fulfilled except for the pre-test score of the control group. Outliers were identified by 
checking the Q-Q plot. After excluding the outliers, the Shapiro-Wilk test of the pre-
test score of the control group was 0.148. All the data met the assumption of normali-
ty. Therefore, collected data were analyzed by independent sample t-test and paired 
sample t-test. The value of 0.05 is set as the minimum significance level in this re-
search. SPSS software is utilized to obtain the statistic which is needed for investiga-
tion.  

3 Results 

The descriptive statistics of the pre-test and post-test results of students in two dif-
ferent instructional methods with respect to the mathematics achievements are sum-
marized in Table 1. The mean score and standard deviation of students in two differ-
ent instructional approaches are listed. In order to discover the difference between the 
two groups, a t-test was calculated. The pre-test mean score of the control group was 
not significantly higher than the treatment group, where p is 0.192. This means that 
the two groups based on the pre-test score of linear proportional functions were 
equivalent. The pre-test results verified schoolteachers’ claim of the two groups were 
similar in performance. Analysis of students’ test papers showed that they were able 
to draw a graphical representation of a mathematical problem and provide an algebra-
ic formula. However, they were weak in formulating the algebraic expression when its 
graphical representation is given. Students in control group had similar understanding 
in the concept of linear proportional functions and had similar difficulties.  

Table 1.   Independent sample t test of students in two instructional approaches 

Group Control Treatment p 
 Mean SD Mean SD  
Pre-test 5.96 3.22 4.92 2.13 0.192 
Post-test 6.71 2.95 6.54 2.21 0.818 

 
After instruction of inversely proportional instruction, the post-test scores of the 

two groups were not significantly different with p = 0.214, even though the mean 
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score of the control group is still higher. The results show that there was no significant 
difference between the two groups in terms of inversely proportional function. This 
implies that these two approaches of instruction both help students learn. Analysis of 
students’ responses in the post-test showed that students were able to answer items 
related to basic properties of inversely proportional function. However, students were 
weak in translating the graphical representation to the algebraic representation. 

3.1 Significant learning gains of the instructional approach of cooperative 
learning with DMS 

The instructional effect of two approaches of instruction was calculated using 
paired sample t-test as shown in Table 2. The change in score of the control group and 
the treatment group was 0.75 and 1.61, respectively. The analysis results given in 
Table 2 showed that there was no significant difference in the post-test score of the 
control group (M=6.71, SD= 2.95) compared to the pre-test [M=5.96, SD=3.22, 
t(23)=0.99, p =0.332]. These results suggest that the typical instruction of teacher 
demonstrated DMS did not significantly increase student achievement in inversely 
proportional functions. For the treatment group, there was a significant difference in 
the post-test score (M=6.54, SD= 2.21) compared to the pre-test [M=4.92, SD=2.13, 
t(25)=3.254, p =0.003]. These results suggest that the instruction of cooperative learn-
ing with DMS significantly increased student achievement in inversely proportional 
functions. Hence, it was suggested that the instructional approach of cooperative 
learning with DMS enhanced students’ learning of inversely proportional functions. 

Table 2.  Paired sample t test results of students’ pre-test and post-test scores 

Group 
Pre-test Post-test 

r t p 
Mean SD Mean SD 

Control 5.96 3.22 6.71 2.95 .282 .990 0.332 
Treatment 4.92 2.13 6.54 2.21 .322 3.25 0.003* 

*p<.05. 

3.2 No significant differences in the learning gains between two instructional 
approaches  

To compare the differences in the learning gain of the two instructional approach-
es, we first calculated the learning gains of each group by subtracting the pre-test 
scores from the post-test scores. Then, an independent-sample t test was conducted to 
compare the two learning gains, as shown in Table 3. There were no significant dif-
ference (p=0.337) in the learning gains of the treatment group (M=1.61, SD=2.53) 
and the control group (M=0.75, SD=3.7, t (48), p >.05).  
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Table 3.   Independent sample t test results of students’ learning gain  

 Control  Treatment p 
 Mean SD Mean SD  
Learning Gain 0.75 3.70 1.61 2.53 0.337 

3.3 No significant changes of students’ attitudes towards mathematics after 
instruction 

Students’ attitudes towards mathematics before and after the treatment in 5 dimen-
sions was provided in Table 4. Even though there are minor changes in various con-
structs of the attitudes towards mathematics, the changes are not statistically signifi-
cant. This implies that students have neither negative nor positive attitude towards the 
new model of learning model. Their attitude towards mathematics might not be 
changed in a short period of instructional intervention.  

Table 4.  Students’ attitudes towards mathematics before and after instruction 

Construct Pre-test Post-test Change p 
 Mean SD Mean SD   
Success 39.65 6.24 38 5.07 -1.65 0.29 
Confidence 35.5 10.01 35.53 8.83 0.03 0.98 
Motivation 37.65 7.09 35.23 7.85 -2.42 0.24 
Usefulness 38.19 7.64 37.46 5.65 -0.73 0.69 
Anxiety 35.92 9.14 36.61 8.38 0.69 0.77 

3.4 Students’ perception on cooperative learning 

Descriptive statistics of students’ perception on cooperative learning is listed in 
Table 5. The mean score of 5 constructs of cooperative learning is above 3. The col-
lected data suggests that they would listen and pay attention to groupmates’ ideas. 
They would share their own ideas with others and discuss among group members. 
Data seem to imply that majority of students do not have negative perception of inte-
grating DMS with cooperative learning. They are practicing essential elements of 
collaborative skills.  

Table 5.  Descriptive statistics of students’ perception on cooperative learning  

Construct Mean SD 
Expression 3.57 0.88 
Listening 3.75 0.84 
Communication 3.71 0.89 
Attention 3.68 0.90 
Sharing 3.72 0.88 

218 http://www.i-jet.org



Paper—Effects of Cooperative Learning with Dynamic Mathematics Software (DMS) on Learning... 

4 Discussion 

This study investigated the effects of integrating DMS with cooperative learning on 
students’ learning of inversely proportional functions. Analysis of collected data sug-
gests that the instructional approach of DMS, integrated with cooperative learning, is 
effective for increasing student’ achievement in inversely proportional functions. This 
results confirms the findings of Zengin and Tatar [33], who used DMS with coopera-
tive learning to support students’ learning of quadratic functions. This study confirms 
that the instructional method of cooperative learning with DMS helps students learn 
difficult concepts. It also extends the work of Zengin and Tatar [33] with a better 
research design. 

Despite the significance learning gain of the treatment group, a comparison of the 
effect of treatment group to that of control group showed that there were no signifi-
cant differences between the two instructional approaches. This findings contrasts 
with the large effect size of instruction using DMS based on a meta-analysis of quasi-
experimental studies located in the literature [19] [30]. Students in the treatment 
group may not adapt to the pedagogy of cooperative learning (as they are used to the 
instruction delivered by the teacher). Students may not know how to cooperate among 
themselves to tackle the mathematic task with a short duration of 4 lessons. More time 
is needed for students to adapt to new pedagogy. Guidance should be given to stu-
dents to develop social cohesion, peer tutoring and peer assessment among members 
[28]. Students’ attitudes towards mathematics after intervention and their perception 
on cooperative learning supported this explanation.  

In addition, students’ attitudes towards mathematics after the instruction remains 
the same. This implies that students’ attitudes towards mathematics might be not be 
changed within a short period. This finding contrasted with various existing studies 
[28]. In the study of Zengin and Tatar [33], an open-ended questionnaire was used to 
elicit students’ attitudes towards the new learning environment. However, the instru-
ment used in this study is a general Likert-scale of statements which measure stu-
dents’ attitudes towards mathematics. This instrument might not be sufficiently sensi-
tive to measure students’ perception of new learning model. A short period of instruc-
tion is another reason for this discrepancy. 

4.1 Limitations of the study 

This study has several limitations that need to be addressed in future. The duration 
of new instructional approach should be expanded to at least 2 weeks for students to 
learn the skills in groups. In order to verify the long-term effect of the intervention, a 
delayed post-test may be included in the future. Since the sample size of this study is 
small, it is preferable that more samples be investigated in future studies. Another 
weakness of the current study is the adoption of teacher-developed test. Future re-
search may more profitably involve a standardized test. This could help avoid the 
possible instrumental bias and make the test results more robust. Furthermore, this 
instructional approach should be used in researching other mathematics topics such as 
solid geometry, other types of functions in further research.  
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5 Conclusion 

Investigation of students’ difficulty in learning functions indicates that students’ 
understanding of functions is often incomplete and confusing. This may affect their 
attainment in mathematics in the long term. In order to facilitate students’ competence 
in mathematics, this study provides empirical evidence to support the instructional 
approach of cooperative learning, coupled with DMS, to teach inversely proportional 
function. This approach may solve the problem of students’ overreliance on linearity 
and proportionality. Therefore, it is suggested that mathematics teachers use coopera-
tive learning model with DMS to facilitate students’ learning of difficult mathematics 
concepts. Instruction with an emphasis of the connection between mathematics and 
reality should be designed [39]. Guidance to brief students about the cooperative 
learning should be provided in advance.  
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8 Appendix 1 

Sample items of Pre-test 

1. Which of the following points is on the graph of function  ?  

A (2,1) B. (-2, 1) C. (2,0) D. (-2,0) 

2. When the car starts to drive, there is 40 liters of fuel in the fuel tank. If the fuel 
consumption is 5 liters per hour, the functional relationship between the remaining 
oil in the fuel tank y (liter) and the driving time t (hour) should be represented by 
the image as shown in the figure below  

 

3. If the linear function intersects the negative of the y-axis, and the value of y de-
creases with an increase of x, then k___0, b____0. (Fill in ">", "<" or "=") 

 
The image of the linear function is shown in the figure:  

1) Find the formula of the linear function; 
2) When x=10, what is the value of y? 
3) When y=12, what is the value of x? 

9 Appendix 2 

Sample items of post-test 

1
2
1

+= xy
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1. If Point A is on the hyperbola  , which of the following points is not on the 
hyperbola?  

A. (-2, -5) B. (5, 2) C. (-5, 2) D.(10, 1) 

2. The area of the triangle is 8cm2, the image of the function between the height, y 
(cm) and the base, x (cm) is _________ 

 
A. B. C. D. 

3. If Point A(x1,1) and Point B(x2 ,2) are on the hyperbola , then x1 

________ x2 (fill in “>” or “<”). 
4. The image of the inverse proportional function is shown in the figure:  

 

1) Find the analytical formula of the function;  
2) When x=16, what is the value of y?  
3) When y=-20, what is the value of x?  

x
ky =

)0( >= k
x
ky
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