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Abstract—This work shows the connections between conceptual metaphors
and unconscious, tacit models that benefit our understanding of mathematical
infinity in the university classroom. From the perspective of cognitive linguis-
tics, it is argued that conceptual metaphors play a key role in explaining how
this mathematical concept is grounded in our experience, simultaneously
providing a mechanism to address these facit models in a more conscious way.
Moreover, it is shown that conceptual metaphors can be built from the conflict-
ing cognitive structures underlying these models, specifying obstacles and diffi-
culties that teachers must consider when designing activities aimed at achieving
an adequate understanding of mathematical infinity. This type of study allows
us to improve our teaching practice, making us aware and stimulating students
to become aware, to reflect on the inconsistencies of their own thoughts and in-
tuitions regarding this mathematical concept. At the same time, it allows us to
show the validity of these inconsistencies by revealing how our cognitive pro-
cesses are constrained by bodily-grounded experiences determined by the com-
plexity of our human nervous system. The use of technology would also engage
students in these reflections and could also help them by fostering new ways of
thinking about mathematical infinity. This perspective would be of interest in
the current context of digital technology in mathematics education research.
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1 Introduction

Mathematical infinity is one of the most complex and counterintuitive concepts
faced by students and teachers in the study of mathematics at the university level. Full
of paradoxes and controversies, it has played a central role in defining many areas of
mathematics. For this reason, its learning and teaching processes have been widely
studied from different theoretical perspectives in mathematics education. Despite this,
it is not possible to affirm that we understand the complicated cognitive processes that
develop in relation to its understanding.

There are numerous works (e.g., [1], [2], [3]) that account for the difficulty and
complexity of epistemological obstacles present in this case. Furthermore, the classic
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philosophical debate on infinity in the actual and the potential sense originated in
ancient Greece by Aristotle (as stated in [4]), has inspired different investigations
(e.g., [5], [6], [7], [8]). For example, Arrigo and D’ Amore [9] argue that the evolution
of mathematical infinity in the actual sense occurs slowly, in a contradictory way,
after a long process of maturation and cognitive systematization.

Usually, for students, the size of the set of integers is greater than the size of the set
of natural numbers, some even say that it is the double. However, once the notion of
same size (cardinality) of two sets with infinitely many elements is accepted, many
students then believe that they have been able to conclude this because both sets have
infinitely many elements, so they infer that all infinite sets have the same cardinality:
infinity. In this case students conclude that the sets of natural numbers, the set of
integers, the set of rational numbers and the set of real numbers should have the same
cardinality or size. So here again a difficulty arises when dealing with different sizes
of infinite sets introduced by Cantor, and the notion that there are infinities larger than
others. Classic studies carried out in the 90s give evidence of this difficulty [7], [10],
[11], which is called the squeezing of transfinite cardinals [12]. Previously, in one of
his works, Duval [13] also analyzes the difficulty that students have in accepting the
one-to-one correspondence between the set of natural numbers and its subset of
square numbers, arguing that this is due to an obstacle that he calls slipping. Also, in
relation to the above, the difficulty known in the literature as inclusion is reported and
it is explicitly shown by the Galileo’s paradox [2].

In some works, it is considered that intuitions about infinity emerge in considera-
tion of recursive processes and as an extrapolation of our finite experience [9]. Chil-
dren conceive potential infinity through the endless process of counting natural num-
bers. Later, when the symbol N for the set of natural numbers is introduced, they
assume that the totality of these numbers can be considered. According to a study by
Tall [14], most university students lose the conception of potential infinity in relation
to natural numbers after the study of Set Theory, adopting the notion of actual infinity
introduced by Cantor.

Another widespread intuitive conviction among students is to think that there are
more points in a longer segment than in a shorter one [14], [15] which D'Amore [12]
calls dependency of transfinite cardinals to properties related to the geometric meas-
ure of segments. The results of several studies [2], [16] show that many of the well-
known paradoxes about infinity (such as the paradox of Zeno on Achilles and the
Tortoise [17]) emerge as intuitive convictions that cause difficulties in the process of
emergence of the meanings of this mathematical concept in students.

Fishbein [2] claims that dependency as well as inclusion, squeezing, slipping and
other similar types of intuitive convictions appear when we deal with concepts that
are too abstract or complex. In these cases, we have a natural tendency to think in
terms of simplified mental models at an initial stage of the learning process, that help
us to represent the original identities with the aim of facilitating and stimulating the
task of understanding or resolution, and which later become implicit or tacit, continu-
ing to influence, unconsciously, the interpretations and the solving decisions of the
learner.
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In general, learning is a complex process and there are different theories that at-
tempt to answer the essential question: How do we learn in mathematics? Some of
these theories claim that we create our conceptual systems using metaphors that can
only emerge using language, indicating the social and supra-individual character of
learning. Within this context it is also affirmed that metaphorical projection is a recur-
sive mechanism through which culture perpetuates and reproduces itself in a system
of concepts continuously growing [18]. Generally, it is recognized that the use of
metaphors helps us to communicate effectively in our daily lives allowing us to un-
derstand complex topics, while conditioning our attitudes and our reasoning [19].

In this context it is natural for us to ask if there are connections between this type
of metaphorical thinking and these unconscious, tacit models described by Fischbein
[2] that could benefit the understanding of mathematical infinity in the university
classroom.

2 Methods

In recent years, new theories have been developed [20], [21], [22], [23], [24], [25]
suggesting there are alternative ways of formalizing mathematical ideas and high-
lighting the relevant role of different sensory modalities in the processes of abstrac-
tion, and in general, in the construction of concepts from simple to complex [26],
[27]. These theories are supported by numerous studies that were carried out during
the so-called “brain decade” (1990-2000) that bring out the functioning of the motor-
sensory system of the brain in the development of conceptual knowledge and examine
how brain physiological functions support cognitive processes [28], [29], [30], [31],
[32].

In this work one of these interdisciplinary theories is used, which provide useful
tools to deepen our understanding of these tacit, unconscious models related to the
study of mathematical infinity. Based on the copious experimental evidence collected
by neuroscience research and the embodiment cognition theory proposed by Rosch,
Thompson and Varela [33], Lakoff and Nuiiez [20] introduced cognitive linguistics to
examine the teaching and learning processes in mathematics, arguing that some of the
constituent processes of cognition are based on and are derived from the interaction of
the environment with the individual through his motor-sensory circuit, and as a result,
abstract concepts such as mathematical ones can emerge through their perceptions and
these bodily actions and interactions with the environment.

Thus, cognitive linguistics offers a set of techniques to study implicit conceptual
structures in our experiences which, to a large extent, are unconscious, playing a fun-
damental role in the construction of mathematical ideas [20], [34]. From this perspec-
tive, images schemas [35] could evolve and lead to cognitive mechanisms known as
conceptual metaphors, which constitute more or less conscious associations or links
between different conceptual domains, in which the structure of the source domain
infers a structure in the target domain. The origin of a conceptual metaphor can be an
embodied experience of the physical world, as well as a previous existing conceptual-
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ization, creating a link that connects concepts or subdomains, outside or within math-
ematics, as shown in Figure 1.

Note that conceptual metaphor’s mappings do not involve random correspondenc-
es, but rather systematically preserve the image schema structure of the source do-
main in a way consistent with the inherent structure of the target domain, relating
elements within each conceptual domain. By preserving inferential structure, concep-
tual metaphors enable a transfer of understanding that allows the comprehension of
difficult, abstract, obscure or unconscious concepts in terms of those better known
[36].

One of the main postulates of this theory is that conceptual metaphors are rather
grounded in human embodiment and embodied experiences and are deeply en-
trenched in the way human think. Such metaphors are typically invoked without con-
scious recognition, being partially unconscious, becoming gradually conscious over-
time [36]. From the perspective of cognitive neuroscience these metaphors are cogni-
tive mechanisms arising through the simultaneous activation of distinct areas of the
brain, each concerned with distinct aspects of experience that gives rise to neural
conflation or the wiring together of neural circuits that were not connected in that
specific way before.

SOURCE DOMAIN TARGET DOMAIN

Already existing
conceptual structure
(may be based on an
experience of the

physical world)

Conceptual structure

inferred by association
(can be unconscious)

Fig. 1. The conceptual metaphor

3 Results and discussion

Some authors affirm [2], [34] that for students to overcome the obstacles posed by
these tacit models, it is necessary to help them to become aware of their mental pro-
cesses and to exert control over them. For example, Arrigo and D'Amore [9] recom-
mend that to rectify the belief that in a longer segment there are more points than in a
shorter segment (facit model known as dependence), students be helped to separate
from the unconscious model of the segment as a “necklace”, whose “pearls” are
closely arranged.

As we shall see conceptual metaphors plays a key role in explaining how mathe-
matical infinity is grounded in our experience and therefore provides a mechanism to
address these facit models by showing us the way to overcome the obstacles posed by
them.
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We start our discussion noting that some of the difficulties faced by students in re-
lation to this mathematical concept can also be studied, in part, through the difficulties
that mathematicians of previous generations faced throughout history while trying to
understand infinity and they are of a similar nature. Let us also highlight that, in gen-
eral, three types of obstacles are distinguished in the learning of any mathematical
concept: the ontogenic ones that originate in the characteristics of the student's devel-
opment; the didactic ones that are a product of teaching; and the epistemological ones
that are intrinsically related to the mathematical notion under study.

In this case, historical studies suggest some of the tacit models involved in con-
ceiving mathematical infinity [8]. An example of this is the tacit model known as
inclusion, provided by Galileo in the XVII century. While observing that natural
numbers and perfect square numbers could be put into one-to-one correspondence, he
could not reach any conclusion. For him, if the set of square numbers is a subset of
natural numbers, then they should form a smaller collection than the set of natural
numbers. Faced with this paradoxical situation, Galileo concluded that sets should not
be compared when one or both had an infinite number of elements [9]. His reasoning
was deeply rooted on the unconscious belief “the whole is greater than its part” which
is a common notion of Euclid’s Elements. Note that in this apparent paradox also
appears the model called slipping by Duval [13].

It was by questioning precisely this unconscious model that Dedekind was able to
give his definition of an infinite set in the XIX century. He stated that if the elements
of two sets, finite or infinite, could be paired by a one-to-one correspondence, then
they would have the same number of elements. But how was it that Dedekind was
able to overcome the obstacle posed by this tacit model?

To answer this question, we start by noting that, in order to be able to characterize
the notion of size (cardinal number) for infinite sets, it is essential to use the concep-
tual metaphor “same number as” is “pairability” [20] shown in Figure 2. This mecha-
nism gives a precise metaphorical meaning to the comparison of the number of ele-
ments (that is, cardinality) of infinite sets. The everyday notions of “same number as”
and “more than” are based on the experience we have with non-infinite, finite collec-
tions. When we consider that a set A (finite) has the “same number” of elements as a
set B (finite), we mean that for each element of A, a corresponding element of B can
be removed, and that no element of B remains “left-over”.

Source domain Target domain
Mappings Numeration

Set 4 and set B
can be put into
1-1 correspondence

Set A and set B
have the same

number of elements

Set 4 and set # can’t be
put in 1-1 correspondence,
and sct A is a proper
subset of B.

Set B is larger than
set A. Tt has more
zlements than set A.

Fig. 2. The conceptual metaphor “same number as” is “pairability” [20]
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If we extend the “left-over” idea to infinite sets and try to answer the question “Are
there more natural numbers than odd numbers?” we can match the elements of both
sets and conclude that there are more natural numbers than odd numbers, because in
the set of natural numbers there are even numbers “left-over”.

However, these two sets are also “pairable” because we can put their elements in
one-to-one correspondence. Therefore, “pairability” and “same number as” are two
very different ideas that have the same extension for finite collections, but they are
cognitively different, their inferential structures differ in important ways and do not
have the same extension for infinite collections [37] as it is shown in Figure 3. Dede-
kind realized this and used the “pairability” instead of our everyday notion of “same
number as”. Note then that in order to do that he had to actively and fully ignore the
“left-over” clause that is unconsciously implicit in our ordinary notion of “more than”
and by doing so, he was able to complete the metaphorical extension to conceive
cardinality for infinite sets.

Infinite Sets

2345..

1111]

23456789...
LN
left-over

Finite Sets

Fig. 3. Different extensions (“same number as” and “pairability”) for infinite collections

It is worth noting that this conceptual metaphor allows us to understand the pro-
cesses of abstraction that are built metaphorically from contradictory conceptual
structures by showing us, at the same time, the reasons for which the results of these
processes seem counterintuitive to us. Thus, facit models can be consistently used as
the source domains of these conceptual metaphors, specifying obstacles and difficul-
ties and pointing out the associations that must be considered to overcome these ob-
stacles and to achieve an adequate understanding of these complex mathematical
concepts.

Let us recall that Lakoff and Nuilez [20] propose that the conception of actual in-
finity is based on the so-called basic mapping of infinity (BMI), through which, the
processes that continue indefinitely are conceptualized in such a way that they
achieve a final result, a kind of “metaphorical completion”. The BMI is a conceptual
blend, a generalized form of conceptual metaphor, which also constitutes an associa-
tion or link between different conceptual domains, as it is shown in Figure 4. Specifi-
cally, in this case, two source domains are connected to selectively “project” into a
target domain where a new structure develops. The first source domain is a space that
involves completed iterative processes. The second source domain involves endless
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iterative processes, and therefore characterizes processes related to potential infinity.
In the integrated target domain, a structure emerges that is inferred to characterize the
processes involved in actual infinity. As a result, the BMI is a human conceptual
mechanism responsible for the creation of all kinds of actual infinities in mathematics,
from infinite points in the plane to infinite sums, infinite sets and infinitesimal num-
bers and limits.

Completed Iterative Processes
(Perfective aspect)

Finite processes

NOEND

‘i ‘[f
)

AN
‘b beditingae staie?
This bejinng sfar
TAbegimiAR uy

VAN
Stateyestdting frgm the
inig sige of hyprocess

7
/

T U
ThY peibeges Fram
(¥
u iven Yekinegh
produce he e

LB
he interrbegfinte result after v
ticn of the process

W NOEND

il resultant state

Entailment:
The final resultant state is
unique and follows every
nonfinal state

Blended Space

Actual Infinity

Fig. 4. The basic mapping of infinity (See Ref. [20])

Figure 4 shows the correspondences between the source domains and the projec-
tions towards the integrated space that constitutes the target domain. The correspond-
ence between the two input spaces involves all elements except for the last one, the
only element that fundamentally distinguishes a finite process from a potentially infi-
nite one. This provides a conflict between a characterization of a process that explicit-
ly has an end and a final resultant state, and a characterization that explicitly indicates
a never-ending process with no resulting end state.

Thus, Galileo in the XVII century was faced with this conflict when he observed
that the elements of the set of natural numbers and the set of perfect square numbers
could be put into one-to-one correspondence, and he could not reach any conclusion
that would have required completing the endless process [9].

Once again, the study of the BMI gives us insight into the conflicting structures
that appear in this case, showing us that the tacit model known as slipping arise when
no integrated space is formed from the two original source domains, which remain as
they were, with their own local structures.
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As Lakoff and Nufiez [20] have pointed out, a crucial implication of the BMI is
that the resulting final state is unique and follows every non-final state. Uniqueness
comes from the source domain of completed processes where for any of these pro-
cesses the resulting end state is unique. Let us also note that the resulting final state is
final means that there is no previous final state. Similarly, there is no later end state of
the process. That is, there is no other process state that results from the process com-
pletion and follows the process end state. For example, the tacit model known as
divergence [38] which appears while studying the convergence of infinite sums, usu-
ally presented to students by Zeno’s paradox on Achilles and the Tortoise, could also
be explained in terms of these difficulties.

The squeezing of transfinite cardinals is another facit model mentioned before
which is present unconsciously in the thought processes of students when they affirm
the set of natural numbers and the set of real numbers have the same cardinality. Can-
tor’s ingenious diagonal argument to demonstrate the opposite of this, i.e., that there
are more real numbers than natural numbers, also makes implicit use of the BMI [35].
Thus, once again the BMI provides a mechanism to address this facit model.

As we have seen in our analysis, facit models related to actual infinity could be un-
derstood through the study of the BMI. The transfinite cardinals, as well as Cantor's
transfinite ordinals, and the infinitesimals in their actual sense, were “metaphorically
completed” through this metaphor. Thus, obstacles posed by facit models related to all
these mathematical concepts could be overcome by the conscious construction of
these associations, metaphorical mappings and projections. Conversely, it is shown
that these models can be usefully and consistently understood in terms of the BMI,
specifying conflicts, obstacles and difficulties that arise in each case.

Finally, we recall that from the point of view of the embodiment cognition theory,
supported by the experimental evidence collected by neuroscience research, some of
the constituent processes of cognition are based on and are derived from our motor-
sensory perceptions, and as a result, the emergence of abstract concepts through cog-
nitive mechanisms like conceptual metaphors, such as the ones characterizing math-
ematical infinity, are constrained by bodily-grounded experience. The appearance of
these unconscious, tacit models is just a direct manifestation of these constraints. In
the case of the facit models related to actual infinity previously analyzed, these con-
straints are provided by container schemas for understanding finite collections and
their hierarchies, by unconscious discriminating mechanisms genetically determined
and kinesthetic experiences involved in size comparison and elements matching for
finite collections [20].

In this context, using technology to engage students to help them overcome these
limitations and difficulties would also play an important role. Learning in a digitally
rich setting offers opportunities to exploit a wider range of perceptual-based experi-
ences than traditional learning.

Technology could help us create blended learning environments [39] that stimulate
thought processes leading to the construction of the appropriate metaphors in this
case. For example, enhancing contextually designed activities may cause release from
these embodiment constraints provided by container schemas and similar unconscious
mechanisms underlying these facit models. This release from embodiment may, in
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fact, be a seam around which learning may be mediated through encouraging different
levels of engagement and reflection and new ways of thinking about mathematical
infinity [40].

4 Conclusion

In the context of cognitive linguistic, conceptual metaphorical mappings and pro-
jections as conceptual metaphors, are non-arbitrary cognitive mechanisms through
which the underlying obstacles and difficulties posed by tacit models that emerge as
unconscious convictions in the study of mathematical infinity, could be addressed and
overcame in a conscious way.

Furthermore, counterintuitive, unconscious ideas and paradoxes related to this
mathematical concept are interesting from a cognitive perspective, because they help
us to understand abstraction processes that develop from conflicting cognitive struc-
tures. Conceptual domains that are mapped metaphorically through these cognitive
mechanisms can be consistently understood in terms of these facit models. Thus,
conversely, the conflicts underlying these unconscious tacit models are essential for
the emergence of conceptual metaphors in relation to mathematical infinity and can
be studied and stated precisely.

Moreover, this type of study that shows the connections between conceptual meta-
phors and unconscious, facit models, benefit our understanding of mathematical infin-
ity in the university classroom. It allows us to improve our teaching practice by de-
signing activities aimed at achieving the development of conceptual metaphors rele-
vant in each case, leading students to overcome these models. It also helps us to stim-
ulate students to become aware, to reflect on the inconsistencies of their thoughts and
intuitions regarding this mathematical concept. At the same time, it shows to students
the validity of these inconsistencies, by revealing how our cognitive processes are
constrained by bodily-grounded experiences determined by the morphology and the
complexity of our human nervous system.

Using technology to engage students on these reflections would also help them
master the learning processes related to mathematical infinity. The metaphor-based
interactions, particularly the metaphorical mappings between physical and conceptual
interactions in a digitally rich environment, could allow them to better understand this
abstract concept. Nevertheless, there is a need for further research in the current con-
text of digital technology in mathematics education to develop these approaches.
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