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Abstract—The STACK system is a computer aided assessment package for 
mathematics. STACK questions include full algebraic input with validation. 
Feedback is provided to students using “potential response trees”, written by 
the teacher for each question. In this research, we are updating STACK potential 
response tree based on students’ concerns in learning induction proofs. We have 
identified a specific misconception in learning mathematical induction from prior 
educational research, designed STACK question to test if students exhibit this 
misconception, and then illustrated how we updated STACK potential response 
tree based on this misconception. One main goal of separating concerns is to 
understand students’ responses and evaluate the question itself from an academic 
prospective and ultimately to improve the questions for future years. In addition, 
one of the contributions of this study is to improve our general understanding of 
how to design and use STACK potential response trees.
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1	 Introduction

STACK, a System for Teaching and Assessment using a Computer algebra Kernel, is 
an open source Computer Aided Assessment (CAA) system for mathematics, and other 
STEM subjects. The first version of STACK was developed in 2004 by Chris Sangwin 
in collaboration with Laura Naismith at the University of Birmingham. Since its first 
release, STACK has been continuously developed and is in widespread use particularly 
in higher education, notably by The University of Edinburgh, The Open University and 
Loughborough University. STACK focuses on accepting algebraic input from students. 
STACK grades students’ answers through algorithms knows as “potential response 
trees” (PRT), where teachers can give partial marks and tailored feedback depending on 
the different mathematical properties of the students’ answers. Recognition of mistakes 
through potential response trees, and the ability to have questions that require numer-
ical or algebraic input for answers made STACK more powerful than the alternatives

In this research, we are updating STACK potential response trees in questions writ-
ten to support learning mathematical induction. We have identified concerns in learning 
mathematical induction from prior educational research, designed STACK questions 
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to test if students exhibit each misconception, and then illustrated how we updated 
STACK potential response trees based on these misconceptions. The main advantage of 
this approach is that we better prepare students to attend class by using online materials. 
In addition, one of the contributions of this study is to improve our general understand-
ing of how to design and use STACK potential response trees.

2	 Motivation

Online learning was the primary method to keep the learning process going during 
the Covid-19 period, which requires much support [1]. Students are increasingly being 
expected to use online assessment systems as support for traditional courses [2]. One 
possible approach to assessing problem solving has been to break up larger tasks into 
smaller individual questions to which e-assessment can then be applied. One draw-
back of breaking up questions is that it requires a significant investment of time and 
experience to develop a suitable question bank [3]. According to [4], automatically 
assessing a genuinely open-ended questions poses two main difficulties. First, the stu-
dent must have a means to input their answer in a machine-readable format, which 
itself is nontrivial. Second, automation requires “preemptive” [2] decisions: the task 
designer must anticipate likely approaches from students and decide how they will 
be marked, before students have completed the task. Progress on this question could 
perhaps be achieved through cycles of design research, to develop prototypes of tasks, 
test them with students, and iteratively make improvements. The developers at the Uni-
versity of Edinburgh wanted to bring this concept to online assessment: to build an 
online assessment system that can carry out instructional scaffolding to help students 
to be prepared for class. STACK was ideal for this, as its features in providing specific 
feedback depending on the properties of students’ answers provide a great foundation 
for an adaptive system. The underlying goal of this research was to develop online 
assessments by transforming existing (largely paper-based) problem sets into online 
assessments.

3	 Research

Separated concerns is a phrase used to describe materials in which potential miscon-
ceptions are addressed directly. By separating concerns, a specific issue is explicitly 
identified and addressed in advance of using it in a more substantial application. This 
is different from testing the students’ knowledge of a topic for its own sake. The idea 
of the separated concerns was heavily influenced by educational research. A number of 
concerns and misconceptions in learning mathematical induction were identified based 
on prior research and teaching experience discussed in [5]. For example, one of the 
common misconceptions in learning mathematical induction was dealing with sigma 
notation. So, by separating concerns, we design a STACK question involving the use of 
sigma notation with the expectation that a student will become generally more familiar 
and confident before they are asked to use this notation in an induction proof. One 
main goal of separating concerns is to understand students’ responses and evaluate the 
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question itself from an academic prospective and ultimately to improve the questions 
for future years.

There are cognitive aspects linked to separating concerns, which we believe are 
potentially beneficial. The constraints in the interface might help students to be pre-
pared for classes. Separating concerns might help to reduce the cognitive load where 
students can achieve success on the individual components. Separating concerns create 
a systemic environment in which misconceptions may be easier to spot before learning 
more complex materials.

3.1	 Example 1

The following example for mathematical induction used to illustrates the idea of 
designing STACK question based on separating concerns.

Let P(n) be the statement
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1)	 Write the statement P(n + 1)
2)	 Calculate
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Writing your answer in simplified form.

3)	 Calculate

	 ( ) ( ( ) ) ( ( ) ) ( ) ( )n n n n n n� � � � � � �
�

� � � �1 2 1 1 2 1 1
3

2 1 2 1
3

	

There are three items in this example, where each item addresses one of the concerns 
in learning mathematical induction. In particular, item (1) addresses understanding 
what the induction statement P(n + 1) is. Item (2) is designed to address dealing with 
sigma notation and how students manipulate an expression where all the action happen 
in the superscript and subscripts. Item (3) is designed to address some basic algebraic 
manipulation. It asks students to calculate the difference between the two fractions. The 
goal of item (3) is to help students to recognize that the first fraction is simply the RHS 
of P(n + 1) and the second fraction is the RHS of P(n) and so to encourage students to 
think before doing the calculations long-hand.

4	 Development of STACK separating concerns tasks

Separating concerns tasks follow the scaffolding principle. A screenshot of STACK 
equivalent question of Example 1 is shown in Figure 1. Notice that the question con-
tains three boxes into which the students should enter their answer, which we refer to 
as “interaction elements”.
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Fig. 1. STACK equivalent question of Example 1

Figure 2 illustrates the same web page, but with the student’s answer typed in. A core 
part of the design of STACK is that students should type in a mathematical expressions 
as their answer.

Fig. 2. STACK equivalent question of Example 1 with the student’s answer
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Notice that while simple algebraic expressions are not particularly problematic to 
type in, the sum requires knowledge of specific syntax. In particular, the student has to 
type in sum ((2k − 1) ^ 2, k, 1, n + 1) to represent ( )2 1 2

1

1
k

k

n
�

�

�� . Because such linear 
syntax differs between systems [6], and because students are known to find this so 
problematic, specific instructions have been provided at the top of the question, as can 
be seen at the top of Figures 1 and 2.

In this paper, to illustrate the idea of updating STACK potential tree response based 
on separating concerns, I only consider item (1) of Example 1 which addresses writing 
P(n + 1). This concern was raised as an assessed question in 2020–21 in Proof and 
Problem Solving (PPS) course. We found that about 57.5% of students failed to type in 
P(n + 1) as an equation. By reviewing students responses, we found that students either 
typed the LHS or the RHS of P(n + 1).

At the outset, based on our prior experience as a teacher, we implemented a marking 
algorithm based on establishing that the students typed in P(n + 1) as a correct equation. 
In particular, the following tests applied.

1.	 Is a student’s left hand side (LHS) equivalent with the LHS up to commutativity and 
associativity of the elementary operations?

2.	 Is a student’s right hand side (RHS) algebraically equivalent with the teacher’s RHS?

Equivalence up to commutativity and associativity of the elementary operations is 
rather a subtle test, which is considerably stronger than full algebraic equivalence. In 
particular, we wanted to accept only answers which contain the sum operator ∑ but 
would condone both

	 ( . ) ( . )2 1 2 12 2
1

1

1

1
k k

k

n

k

n
� �

�

�

�

�� �and 	

But we would not want to accept other, algebraically equivalent, forms such as
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It is very unlikely that a student would type this, but nevertheless, we certainly don’t 
want to accept the right hand side of P(n + 1) which is algebraically equivalent to the 
left hand side as a correct form of the left hand side.

For the right hand side, we accept any algebraically equivalent expression.
The most direct answer would be to replace n with n+1 leading to

	 ( ) ( ( ) ) ( ( ) )n n n� � � � � � �1 2 1 1 2 1 1
3

	

Recall that students must provide an answer which consists of a mathematical expres-
sion, and when valid, the system then seeks to establish properties of this expression. 
In STACK the “potential response tree” is the algorithm which establishes the mathe-
matical properties of the student’s answer and assigns outcomes. A potential response 
tree consists of an arbitrary number of linked nodes which are called potential response 
nodes. In each node two expressions are compared using a specified answer test, and 
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the result is either true or false. The outcome of this answer test determines what hap-
pens next. Each true/false branch of the potential response node can (i) assign/modify 
the numerical mark, (ii) add feedback for the student, (iii) record an “answer note” and 
(iv) determine whether any further potential response nodes should be executed next or 
the assessment process should stop at this point. The directed graph is acyclic prevent-
ing an infinite assessment algorithm loop.

An illustration of the potential response tree for item (1) is shown in Figure 3. Note 
that this potential response tree consists of two nodes. Node 1 is to verify the (LHS) 
and Node 2 to verify (RHS) of students’ input. Both the RHS and LHS are checked 
independently, so both nodes are always executed in this question.

Node 1: to test the whether the LHS is equivalent with the teacher’s LHS up to com-
mutativity and associativity of the elementary operations:

If true (prt1-1-T): the LHS is correct (0.5 mark)
If false (prt1-1-F): the LHS is wrong, feedback will be provided.
Node 2: to test the whether the RHS is equivalent with the teacher’s RHS up to 

algebraic equivalence:
If true (prt1-2-T): the RHS is correct (0.5 mark)
If false (prt1-2-F): the RHS is wrong, feedback will be provided.

Fig. 3. The original STACK potential response tree of item (1)

Note, the immediate validity feedback in this question required an equation based 
on the original potential response tree in Figure 3. The original response tree has done 
a reasonable job in establishing the propose what students actually do, the response tree 
can be improved accordingly.

The updated potential response tree for item (1) is shown in Figure 4. This now has 
five nodes and is significantly more complex.

Node 1: to test whether or not the student’s answer is an equation. On the basis of 
this test, two different situations are branched.

If true (prt1-1-T): the answer is equivalent to an equation. We proceed exactly as 
before; i.e. Node 2 tests the LHS and Node 3 tests the RHS. The above test is per-
formed, and I have chosen to award half marks for each test.
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If false (prt-1-1-F): the student’s answer is non-equation. Then we proceed in a sim-
ilar, but subtly different way.

Node 4: to test the LHS of the student’s answer with the LHS of the teacher’s up to 
commutativity and associativity.

If true (prt1-1-T): the LHS is correct (0.3 mark), and if so stop
If false (prt1-1-F): the LHS is wrong, feedback will be provided.
Node 5: to test the whether the RHS is equivalent with the teacher’s RHS up to 

algebraic equivalence:
If true (prt1-2-T): the RHS is correct (0.4 mark)
If false (prt1-2-F): the RHS is wrong, feedback will be provided.
If the student’s answer is equivalent to the LHS of the teacher’s answer (Node 4) 

then it will also be algebraically equivalent to the RHS, which is why we stop when 
Node 4 returns true. We have chosen to award lower marks for each of these situations.

Note that for illustrative purposes here different marks result for each of the four 
end-nodes of the tree.

Fig. 4. The updated STACK potential response tree of item (1)

In fact, a slightly more useful way to look at the data for this question is to split up 
the answer notes and consider each node individually. This data is shown in Figure 5 
together with brief narrative added in parentheses for the convenience of the reader.
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Fig. 5. Split notes for the updated item (1) in STACK, with narrative

Node 1 checks if the student has entered an equation. Entering an equation is tested, 
in the revised tree, by prt1-1-T, which was given by 258 (60.56%) of the responses.

Surprisingly, 49 students appear to have typed in the LHS only, which is slightly 
more than the 46 who typed in the RHS only. Since both of these outcomes were gen-
erated for more than 10 % of the cohort it was well worth adding nodes to the tree with 
corresponding outcomes (e.g. feedback). It is probably not worthwhile adding nodes to 
test for strange individual responses.

5	 Discussion and conclusion

This work has been carried for two terms 2020–21 and 2021–22 from the PPS 
course. The results reported in this paper consist of updated potential response trees 
to an example STACK question assessing mathematical induction. Note, this serves 
more generally as an example of how online assessment materials are designed and 
improved. It was also important that the course organizers were fully involved in the 
authoring process. They had to give clear and explicit guidance on the learning objec-
tives and help review the mathematical content.

In general, we have found it much more sensible to operate a two year (at least) cycle 
of question development. First year cohort (2020–21): get the question working, with 
the essential properties for correct/incorrect established reliably. Second year cohort 
(2021–22): review students’ data and update response trees accordingly, making sure 
the second (and subsequent) years benefit from better feedback (formative) or more 
nuanced partial credit (summative). In assessed quizzes, or online exams, marks are 
not available immediately. So we could improve the PRT before students marks are 
released to students. However, writing response trees is a significant amount of work. 
Experience suggests that a lot of time can be expended writing potential tests with feed-
back which are never actually used by any significant proportion of the students. Time 
is then wasted trying to second-guess what students might do. Even then, a review of 
students’ responses is necessary because students write answers we might not actually 
anticipate. Here, we did not anticipate students typing the LHS, and the original tree 
probably would not have tested for this anyway. Reviewing students’ answers closes 
the learning cycle for teachers by allowing them to understand what students are doing.
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 Creating online assessments is significant additional work, but once the questions 
have been created they require minimal work to maintain and can last for the lifetime 
of the course.
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