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Abstract--Rub-impact fault causes complicated vibration to 
the rotor system and is one of the main reasons for the 
system instability. The increment transfer matrix method is 
used to analyze the dynamic response of the coupled bend-
ing and torsional vibrations of turbo-generator shafts with 
rub-impact in this work. Aimed at a turbo-generator unit 
with different rotating speed, the vibration character of 
rub-impact fault is analyzed. The research results show that 
the influence of rotating speed on vibration amplitude is 
obvious. When the speed is lower than the first order inher-
ent frequency, rubbing will cause bending and torsional 
vibration amplitudes of each shaft segment increase largely. 
When the speed is higher than the first order inherent 
frequency, vibration amplitudes slightly change by rubbing. 
The sensitive to rubbing position is different for increased 
vibration amplitude of each shaft segment. The shaft seg-
ment is more near to the rubbing position, the increased 
vibration amplitude is more obvious. 

Index Terms—rub-impact fault, coupled bending and 
torsional vibrations, increment transfer matrix method, 
rotating speed, turbo-generator unit. 

I. INTRODUCTION 
With the development of technology, the demand for 

performance of rotating machinery is becoming greater, 
the radial gap of rotor to stator smaller, this has led to the 
frequent occurrence of the rotor-to-stator rub, especially 
between the rotor and seal or the blade tip and the enve-
lope. It will cause very complicated vibration to the rotor 
system and is one of the main reasons for the system 
instability. The behavior of the bending vibration of a 
rotor with rub-impact has been studied throughly [1–6]. 
However, it can be known from the rotor dynamic equa-
tions that the torsional vibration is as an important part as 
the vibration. In particular, for a turbo-generation ma-
chine, operating at high speed, the coupled bending and 
torsional vibrations characteristics may be considerably 
different from those obtained by uncoupled independent 
analyses. To achieve a highly reliable operation that 

includes low vibration and noise characteristics, an inves-
tigation of the coupled bending and torsional vibrations 
phenomenon would be desirable. And the research on the 
behavior of the torsional vibration of a rotor/stator system 
with rub is very significant for diagnosing rotating ma-
chinery. In general the study on coupled vibrations of rub-
imapct is in the early stages. Simple disc rotor model is 
adopted widely, that can not really be used to analyze 
complex rotor system like a turbo-generator unit[7-10]. 

II. THE INCREMENT TRANSFER MATRIX METHOD FOR 
COUPLED VIBRATIONS 

Coupled bending and torsional vibrations exhibit a 
complex nonlinear dynamic characteristic. The most 
effective method to solve nonlinear system response is 
step-by-step integration method. The increment transfer 
matrix method was put forward in paper[1]. So the 
method is introduced as follows simply. 

A. The Increment Expressions of Newmark-β Method 
According to Newmark-β method, if the displacment 
, velocity  and acceleration  at t time and dis-

placment  at  time are known, the velocity  
and acceleration  at  time can be calculated. 
The increment equations of Newmark-β expressions are 
written as: 

   (1) 

   (2) 

B. The Increment Transfer Matrix Expressions of 
Coupled Vibrations 
1) The expressions of bending vibration 

Adopting the multi-mass model, the rotor system of 
turbo-generator unit is divided into several rigid disks and 
elastic shafts. 

(1) The rigid disk  
The shear force and bending moment on the cross-

section of the rigid disk are separately ,  and 
, . According to D'Alembert principle, the incre-

ment equations of shear force and bending moment are 
obtained as: 

 

                                                      (3) 
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   (4) 

�                  (5) 

(2) The elastic shaft 
The elastic shaft number is set to i. And the numbers of 

both ends of the cross-section are separately i and i+1. 
The increment equations of the ith elastic shaft can be 
obtained as follows: 

 � 

               (6) 

(7) 

      (8) 

2) The expressions of torsional vibration 
(1) The rigid disk  

The torsion moments of rigid disk are composed of the 
inertial moment, resisting moment, differential torsion 
moment between the left cross section and the right and 
the external moment. The increment equation of torsion 
moment is found as 

  (9) 
The increment equation of torsional angle relation be-

tween the left cross section and the right is: 

                         (10) 
 

(2) The elastic shaft 
The increment equations of the elastic shaft can be ex-

pressed as: 

                  (11) 

3) Overall increment expressions of the coupled vibra-
tions 

Assuming that the increment of moment vector in each 
section of the rotor is  
and displacement vector increment is 

， so the increment equa-
tions of rigid disk and elastic shaft can be written in 
matrix form. The rigid disk and elastic shaft can be taken 
as an unit, and its transfer matrix is: 

         (12) 

C. Application of Riccati for Shaft Response 
The equation(12) can been obtained as 

       (13) 

Riccati expression is as follows: 
                        (14) 

Then the recursive formulas of ,  and  can be 
obtained: 

                    (15) 
                (16) 

 
(17) 

According to the boundary conditions, the methods of 
Riccati and Newmark-β, the displacement, velocity and 
acceleration of node at each time can be achieved. 

III. NUMERICAL EXAMPLES 
Taken a turbo-generator unit as example, the rotor 

structure is shown in Fig. 1. The unit is composed of 
high-pressure rotor, intermediate -pressure rotor, low-
pressure rotor and generator rotor. There are seven bear-
ings which position is shown in Fig. 1, and the rubbing 
position is near to 5# tile. 

A. Rotating Speed is Lower than the First Inherent 
Frequency 

Fig. 2 shows the time curves and orbit maps of bending 
vibration with and without rubbing when rotating speed is 
14 Hz which is lower than the first inherent frequency. In 
the figure, red curves represent that with rubbing, blue 
curves are to without rubbing. It is obvious that bending 
vibration amplitude of each tile increases rapidly after 
rub-impact happens. The sensitive to rubbing position is 
different for increased vibration amplitude of each tile. 
The increased amplitude of 3# tile and 5# tile are more 
sensitive than that of 1# tile. It is means that the shaft 
segment is more near to the rubbing position, the in-
creased vibration amplitude is more obvious. The main 
frequency of bending vibration of each tile is working 
frequency when there is no rubbing fault. And the orbit 
map of each tile is circle or ellipse. After rubbing fault 
happens, the bending vibration amplitude of each tile 
increases very quickly, axis orbit change is relatively 
complex. After about 2-3 cycles, the vibration amplitude 
tends to be stable.  
Fig. 3 shows the time curves of torsional vibration with 
and without rubbing when rotating speed is low than the 
first inherent frequency. From the figure, we can see that 
torsional   vibration   amplitude  of each tile increases to a  

Figure 1 The rotor structure of turbo-generator unit (unit:mm) 
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(a) 1# tile 

 
(b) 3# tile 

 
(c) 5# tile 

Figure 2 The time curves(left column) and orbit maps(right column) of  
bending vibration with and without rubbing when rotating speed is 14 

Hz 

certain extent after rub-impact happens. The sensitive to 
rubbing position is different for increased vibration ampli-
tude of each tile. The increased amplitude of 3# tile and 
5# tile are bigger than that of 1# tile. 
The comprehensive comparison of the above analysis 
results is shown in Fig. 4. Fig.4(a) describes the peak 
value curves of bending vibration of each shaft segment  
with and without rubbing when rotating speed is low than 
the first inherent frequency. It is obvious that the vibration 
amplitude of each shaft segment increases after rub-
impact happens. The sensitive to rubbing position is 
different for increased vibration amplitude of each shaft 
segment. The sensitives of 50-80 shaft segments that are 
near the rubbing position are the most high. Fig.4(b) 
describes the peak value curves of torsional vibration of 
each shaft segment with and without rubbing. Torsional 
vibration amplitude of each shaft segment increases 
to a certain extent after rub-impact happens. The shaft 
segment is more near to the generator side, the increased 
vibration amplitude is more obvious. 

B. Rotating Speed is Higher than the First Inherent 
Frequency  

Fig. 5 shows the time curves and orbit maps of  bend-
ing vibration with and without rubbing when rotating 
speed is 50 Hz which is high than the first inherent fre-
quency. After rubbing fault happens, the vibration ampli-
tude of each tile increases slightly. In contrast to rotating 
speed low than the first inherent frequency, the increased-
vibration amplitude is litter. Before rubbing fault happens, 
the  main  frequency of  bending  vibration  of  each tile is  

 
(a) 1# tile 

 
(b) 3# tile 

 
(c) 5# tile 

Figure 3  The time curves of tosrional vibration with(right column) and 
without rubbing(left column) when rotating speed is 14 Hz 

 
(a) bending vibration                  (b) torsional vibration 

Figure 4  The peak value curves of bending and torsional vibrations with 
and without rubbing when rotating speed is 14 Hz 

 

working frequency. And the orbit map of each tile is 
circle or ellipse. After rubbing fault happens, the bending 
vibration amplitude of each tile increases slightly. After 
about 2-3 cycles, the vibration amplitude tends to be 
stable. 

Fig. 6 shows the time curves of tosrional vibration with 
and without rubbing when rotating speed is high than the 
first inherent frequency. According to the curves, we can 
find that torsional vibration amplitude of each tile in-
creases to a certain extent after rub-impact happens. The 
increased amplitude of 3# tile and 5# tile are big than that 
of 1# tile. 

The comprehensive comparison of the above analysis 
results is shown in Fig. 7. Fig. 7(a) describes the peak 
value curves of bending vibration of each shaft segment  
with and without rubbing when rotating speed is high than 
the first inherent frequency. It is obvious that the vibration 
amplitude of each shaft segment increases after rub-
impact happens. Comparing with the situation that rotat- 
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(a) 1# tile 

 
(b) 5# tile 

 
(c) 5# tile 

Figure 5  The time curves(left column) and orbit maps(right column) of  
bending vibration with and without rubbing when rotating speed is 

50Hz 

ing speed is low than the first inherent frequency, the 
increased vibration amplitude becomes much smaller. Fig. 
4(b) shows the peak value curves of torsional vibration of 
each shaft segment with and without rubbing. Torsional 
vibration amplitude of each shaft segment increases 
to a certain extent after rub-impact happens. The shaft 
segment is more near to the generator side, the increased 
vibration amplitude is more obvious. The increased 
vibration amplitude is small than the situation that rotat-
ing speed is low than the first inherent frequency. 
To sum up, the influence of rotating speed on vibration 
amplitude is obvious. When the speed is lower than the 
first order inherent frequency, rubbing will cause bending 
and torsional vibration amplitudes of each axis segment 
increase largely; When the speed is higher than the first 
order inherent frequency, vibration amplitudes changed 
by rubbing only slightly increase. The reason is that rotor 
mass unbalance will increase when the speed is lower 
than the first order inherent frequency. So the vibration 
amplitudes increase. When the speed is higher than the 
first order inherent frequency, rubbing will make the rotor 
mass unbalance change litter, thereby vibration amplitude 
will change slightly. 

I. CONCLUSIONS 
The rub-impact phenomenon is one of the main trou-

bles in turbo-generator unit and severely affects the 
natural operation of the machines. The increment transfer 
matrix method is used to analyze the dynamic response of 
the coupled bending and torsional vibrations of turbo- 

 
(a) 1# tile 

 
(b) 3# tile 

 
(c) 5# tile 

Figure 6  The time curves of tosrional vibration with(right column) and 
without rubbing(left column) when rotating speed is 50 Hz 

 
(a) bending vibration                        (b) torsional vibration 

Figure 7  The peak value curves of bending and torsional vibrations 
with and without rubbing when rotating speed is 50 Hz 

generator shafts with rub-impact in this work. According 
to the research results, we can find that the influence 
ofrotating speed on vibration amplitude is evident. When 
the speed is lower than the first order inherent frequency, 
the bending and torsional vibration amplitudes of each 
shaft segment will increase largely; When the speed is 
higher than the first order inherent frequency, the vibra-
tion amplitudes changed by rubbing only slightly increase. 
And the shaft segment is more near to the rubbing posi-
tion, the increased vibration amplitude is more obvious. 
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