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Abstract—Instantaneous wind speed spatial distribution of
wind farm is the basis of the optimal control for wind tur-
bines. A calculation method was proposed for the instanta-
neous wind speed spatial distribution in wind farm, which
made the instantaneous wind speed spatial distribution is
divided into wake and non-wake zone. For the non-wake
zone, the instantaneous wind speed spatial distribution is
mainly affected by the flow field coupling between wind
turbines, in order to describe the influence accurately, a
cross spectral matrix was constructed including the wind
turbine mutual distance and the azimuth in wind farm, and
the solving calculation process of the cross spectral matrix
was deduced. For the wake zone, single wind turbine wake
model and wake superposition model were established ac-
cording to conservation of momentum, and then the average
wind speed spatial distribution in wake zone was calculated.
According to the average wind speed spatial distribution,
the instantaneous wind speed spatial distribution was calcu-
lated. A wind farm is selected as case to verify the calcula-
tion method, and the results show that this calculation
method can accurately describe the instantaneous wind
speed spatial distribution of wind farm.

Index Terms—Wind Farm; Wind Turbines; Power Spectral
Density; Cross Spectral Matrix; Wake

L INTRODUCTION

At the end of 2012, Chinese total installed capacity of
wind power has reached 7,641MW, ranking first in the
world. In terms of capacity and power generation, wind
power has become the third largest main power supply
after thermal power and hydroelectric power in Chinese
electric system, and will continue to grow over the next
ten years. Incompatible with this, there is still a wide gap
between Chinese wind power technology and the interna-
tional advanced level.

Wind speed distribution characteristics are the basis of
the wind farm optimal control, and the study of wind
speed distribution in wind farms has extensive theoretical
and practical value. Using radar technology and vector
retrieval method, the wind speed distribution, wind direc-
tion and air density etc., can be accurately measured [1].
The radar technology used in wind speed measurements in
complex terrain is in-depth studied, the results show that
under the moderately complex terrain condition, the radar
measurement error is 3-4%, and in complex terrain condi-
tion, the radar measurement error up to 10% [2]. In order
to design the wind turbine of safety and economical opera-
tion in the hilly environment, the flow field characteristics
of hills was studied in wind tunnel, as well as the wake
characteristics of single double-fed wind turbine and the
wake interference of multi double-fed wind turbines were
studied in wind tunnel, these study results are used to
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support the design and economic operation of double-fed
wind turbines in complex terrain [3]. The wake character-
istics of doubly-fed wind farm were studied using CFD
software in complex terrain in [4-5], and the comparative
analysis about the wake characteristics of doubly-fed wind
farm in complex terrain and flat terrain was performed.
The flow field characteristics of doubly-fed wind farm
also were studied using CFD software in complex terrain
in [6-8], and the main purpose of the study is to compre-
hend the turbulence characteristics of doubly-fed wind
farm. In order to study the randomness and turbulence
characteristics of wind speed, the spectrums of
the randomness wind speed is analyzed from the perspec-
tive of the frequency domain, and the correlation function
is used to describe the turbulence effects between different
positions in flow field [9-12].

Accurate description of the wind speed characteristics
when rotor is rotating is the basis of study the double-fed
wind turbine fatigue load and power fluctuation. There-
fore, the wind speed model based on correlation function
was in-depth studied, the model can relatively accurate
describe the wind characteristics in the process when rotor
is rotating [13-17]. The authors above have studied the
wind speed characteristics of wind farm from different
angles. Field measurements and wind tunnel experiments
can get accurate data, but they require expensive test
equipments and a large number of test time, it cannot meet
the requirements of double-fed wind farm optimization
control for real-time. Using CFD software to calculate the
flow field also can meet certain requirements in accuracy,
but it requires a lot of computation time too, it also cannot
meet the requirements of double-fed wind farm optimiza-
tion control for real-time. The wind speed calculation
model of single double-fed wind turbine based on the
frequency domain, whose calculation time is short and
calculation accuracy is high. However, the study mainly
focuses on single double-fed wind turbine, and few studies
have been studied for the entire wind farm.

Based on the current research status, a calculation
method was proposed for the instantaneous wind speed
spatial distribution in wind farm, which divide the instan-
taneous wind speed spatial distribution into wake zone
and non-wake zone. For the non-wake zone, a cross spec-
tral matrix was constructed including the wind turbine
mutual distance and the azimuth in wind farm, and the
solving calculation process of the cross spectral matrix
was deduced. For the wake zone, wake model and wake
superposition model were established according to con-
servation of momentum, and then the average wind speed
spatial distribution in wake zone was calculated. Accord-
ing to the average wind speed spatial distribution, the
instantaneous wind speed spatial distribution was calcu-
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lated. A wind farm is selected as case to verify the calcula-
tion method.

II. NATURAL WIND SPECTRUM

The neural wind speed can be represented by equation

(D).
U=U(z)+u(y,zt)
v=v(y,zt) @)
w=w(y,zt)

In the equation (1), U(z) is the longitudinal average
wind speed of a point in the flow field, u is the longitudi-
nal fluctuating wind speed, v is the lateral fluctuating
wind speed; w is the vertical fluctuating wind speed.

Under the condition of neutral atmosphere, without
considering the Coriolis effect, the longitudinal average
wind speed U(z) can be obtained by equation (2).

U(z) =% In (2/2) )

In the equation (2), u, is the friction velocity, k is the

von Karman constant, z, is the surface roughness. Under
the condition of neutral atmosphere, the value of k is 0.4.

Due to the fluctuating wind velocity of the natural wind
have random characteristics, so the changes of the three
fluctuating wind speeds are independent of each other,
which can be described by wind speed spectrum. The Von
Karman spectrum and the Kaimal spectrum are commonly
used wind speed spectrum. The slope of the Kaimal spec-
trum changes greatly in the low-frequency part, thus the
Kaimal spectrum can more accurately describe the turbu-
lence characteristics of wind. In this paper, the Kaimal
spectrum is used to describe the fluctuating wind speed.
The spectrum representation of three fluctuating wind
speed can be represented by equation (3), equation (4) and
equation (5).

_ .2 52.5(z/U(2))
Su(f) = ui (1+33(z/0(2))f)5/3 )
8.5(z/U
So(f) = ud e 4)

* (149.5(z/U(2))f)5/3

.2 1.05(z/U(2))
Swl(f) = 1+5.3((z/U(2))f))5/3

&)

Figure 1 shows the results of the three fluctuating wind
spectrum, the calculation parameters of the figure, respec-
tively isU(z) = 12ms™1, z=70m, u, = 1.78ms™ 1,
zo = 0.0054m,

For optimization control of wind farms, the longitudinal
distribution of wind speed plays a decisive role, so this
paper focuses on the longitudinal distribution of wind
speed. Selecting an actual wind farm as the study case, the
wind farm contains 20 wind turbines, the X-axis direction
length of wind farm is 4500m, and the length of Y-axis
direction is 5500m, the distribution of wind turbines is
shown in figure 2. Figure 3 is the X-axis velocity distribu-
tion of the longitudinal fluctuating wind speed calculated
by Kaimal power spectral density.

A. Cross-spectral matrix

In wind farm, the upstream wind turbines will impact
on the wind speed of the downstream wind turbines. The
wind speed related phenomena between the wind turbines
is shown in figure 4. Where d, is the distance between
the r and the ¢ wind turbine, 6, is the angle of the north
direction and the line that connects the r and the ¢ wind
turbine, 6, is wind angle, a,.. is the angle between wind
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direction and the line that connects the r and the ¢ wind
turbine, U(t) is the average wind speed in flow field, 7,
is the time of the wind flow from the wind turbine r to the
wind turbine c. The equation of 7,.. is as follow:
cos (arc)drc
e =" o0 (6)
2.5 r r r r r
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Figure 1. Kaimal power spectral density of fluctuating wind speed
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Figure 2. The distribution map of wind turbine
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Figure 3. Fluctuating wind speed distribution in X-axis direction

III. THE COUPLING RELATIONSHIP BETWEEN WIND
TURBINES
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Figure 4. The coupling relationship between wind turbines
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According to the definition, the correlation function
about the turbulent wind speed of any two wind turbines
can be obtained as shown in equation (7).

Ry, (Trc) = E{vhub,r(t) " Vhub,c (t - Trc)} (7)

In the equation (7), vy, () and vy, ((t) are the tur-
bulent wind speed of the r and the ¢ wind turbine at hub
height, E{f (t)} represents the mean time within ¢t.

The Fourier transform of R,..(t,.), the frequency do-
main functions of the correlation function can be shown
as equation (8), the correlation function is the wind tur-
bines r and ¢ turbulent wind speed.

Sre (f) = f_-'—:: ch(Trc) e J2nftredr (8)

The plural form of the equation (8) is shown as equa-
tion (9).

Src (f) = |Src(f)| - eI Tre (9)

Supposing there are N wind turbines in the wind farm at
present, according to equation (8) the cross spectrum ma-
trix of the whole wind farm can be expressed as equation
(10).

S11(f)  S12(f) Siv(f)
S(f)= SZl(f): Szz(f) (10)

Sulf) SwaF) - Suw(F)

In the equation (10), S,..(f) is turbulence autocorrela-
tion spectrum of the wind turbine r, which is real; S,.(f)
is cross-correlation spectrum of turbulence wind speed
between the wind turbine r and the wind turbine c, the
cross-correlation spectrum is complex. The cross power
spectrum matrix is a symmetric and nonnegative matrix.

A. Cross spectral matrix calculation

The cross spectral matrix (10) is continuous, in the use
of computer calculation processing, it must be discretized.
Assuming that the time of wind speed calculation is Tp,
frequency f is discretized into Af = 1/Tp, the ith discrete
point corresponding to the frequency value is f; = i - Af,
and the S,.(f) corresponding to the discrete value is
Src(D) = Sre(fi) - Af.

In addition to discretize the frequency, the sampling
time is also need to be discretized. Assuming the sampling
frequency is f;, then At = 1/f; is the sampling interval,
sampling frequency range is *+f;/2, the corresponding
sampling points, respectively are +Ng/2 and Ny = Tp - f.
N, represents the number of sampling times. In order to
use the fast Fourier transform (FFT) to improve the calcu-
lation speed, Ny may be chosen to be a multiple of 2.

The Cholesky decomposition is used on the discretized
cross spectral power matrix S(i), the expression can be
shown as equation (11) after decomposed.

S@) = HOHT (D) (11)

It is can be known from the nature of Cholesky decom-
position, H (i) is a lower triangular matrix, the diagonal
elements can be solved according to equation (12).

H, () =S () = Xt Hy DH; () (12)
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Non-diagonal elements can be solved according to the
equation (13).
N — Sre@=RFT Hrie(Hey (i
() = SO0 1
It is can be seen that H (i) and S(i) have the same phase
angle from equation (12) and (13), that the phase angle of
diagonal elements is 0, the phase angle of lower triangular
elements is —2nfT,..

Since S,.(—i) = S;.(i), in the calculation processing,
only the part spectral values i = 0 need to be calculated.
For each frequency value f; of i = 0, a NX1 vector E (i)
is generated randomly according to equation (14).

E(i) = e/?® (14)

In equation (14), (i) is a Nx1 vector whose element

value distribution is in [0; 27t].Thus the wind speed of
frequency f; can be calculated as follow:

Unup () = Hpypy E (@) (15)
The wind speed spectrum discrete series Uy, (i) of
the wind turbine r are combined into an array Uy, ., then
the Upyp, is for an inverse Fourier transform, and the
wind speed up,,;, (t) after the wind turbine 7 can be ob-
tained, the wind speed uy,,;, - (t) includes the turbulence
related information between wind turbines, and the wind
flow time is Tp.

According to the cross spectral matrix described in this
section, the fluctuating wind speed of the wind farm in
non-wake zone is calculated, the results are shown in
Figure 5. The solid line is natural wind fluctuating wind
speed distribution in X-axis according to the Kaimal pow-
er spectral density. The dotted line is the fluctuating wind
speed of non-wake zone distribution in X-axis which
considering the coupling relationship between wind tur-
bines. It is can be seen from the figure that the distribution
characteristics of the fluctuating wind speed are signifi-
cantly different between considering the coupling rela-
tionship and not considering. This indicates that wind
speed distribution of wind farm is affected by the coupling
relationship between wind turbines.

4

T T T T T T T T

3 “‘”‘ Not considering the coupling relationship -
Considering the coupling relationship

Fluctuating wind speed (m/s)

3 C r i I r c c c
0 500 1000 1500 2000 2500 3000 3500 4000 4500
The X-axis coordinate of Wind speed (m)

Figure 5. Fluctuating wind speed chart

Figure 6 is a fluctuating wind statistical chart. The solid
line is the fluctuating wind speed statistics considered the
coupling relationship between wind turbines. And the
dotted line is fluctuating wind speed statistics calculated
by Kaimal power spectral density. From the figure, two
fluctuating wind speed follow normal distribution, mean
value coordinates are basically the same, but due to the
influence of the coupling relationship between wind tur-
bines, the variances of the fluctuating wind speed is dif-
ferent.
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Figure 6. The statistical feature of fluctuating wind

IV.  WIND FARM WAKE MODEL

A. The single wind turbine wake model

Figure 7 is the schematic diagram of the fluid flowing
through the wind turbine. U is the inflow wind speed, D,
is the rotor diameter of wind turbine, A is the wake area
from the distance x of wind turbine, U is the flow speed in
wake region. Assuming that there is a cylinder existing
outside the wind turbine flow lines, as the dotted line
shown in Figure 7, V is the volume of the cylinder, A; is
the surface area of the cylinder. All the planes of the cyl-
inder do not interactive with the outside fluid expect for
the import and export plane.

AR (/D2
Uy

Figure 7. The control body when fluid flowing
through the wind turbine

In the cylinder, according to the momentum conserva-
tion theory the equation (16) can be derived.

oU rru u T w ru
ﬁ/p?dl/"-fm 'OU(UdA)=_fA, pdA+ﬁ/png+T+fAl Td A

(16)
Assuming that the cylinder is long enough, the inlet
plane and the outlet plane of the cylinder are in the stable
state with the flow field outside. Under low wind speed,
the air flow can be regarded as inviscid flow. The first
term on the left in equation (16) is equal to 0, and the first,
the second and the fourth term on the right are also equal
to 0. So the equation (16) can be simplified to equation
(17).

T = pUU ~U)dA=pU(Us ~U)A (1)

According to the aerodynamic principle, the thrust act-
ing on the wind turbine can be expressed as equation (18).

T = %pAoUoCT (18)
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In the equation, 4, is the swept area of the wind tur-
bine, Cr is the thrust coefficient of the wind turbine. Sim-
ultaneous equation (17) and (18), the equation (19) can be
derived.

A 1-a/2
—_—=— (19)
A l-a

In equation (19), a is the axial induction. The relation-
ship between the axial induction factor and thrust coeffi-
cient can be expressed as equation (20).

Cr=a2-a)=a=1-J1-C (20)

Simultaneous equation (19) and (20), the relationship
between the cross-sectional area in wake and the swept
area of the wind turbine can be expressed as formula (21).

11+VJ1-Cr 21
_ TN T  p= )
A=pB4, B RN D=.BD (

It is can be known from the equation (21), that the ex-
pansion of the wake region indicates a non-linear varia-
tion.

The equation (17), (18), (19) and (20) shown that the
relationship between the wake wind speed U and inflow
wind speed can be obtained as equation (22).

V.l 22)
U 252 y

If a < 0.5, the right side of equation (22) takes “+”, and
If a > 0.5, then takes “-”. As the value of axial induction

factor of wind turbine is usually less than 0.5, the equation
(23) can be derived.

U LIhoheg 1 lda 1.2 o3
U 2 2\ "4 24 A

The wind tunnel experiment and field test have been
conducted for far wake field in [15], the nonlinear change
process of the far wake field wake radius with the chang-
ing distance has been further amended, and then the equa-
tion (24) can be obtained.

k 1

D(x)= (/J’E + OKS)EDO S=x/D (24)

In equation (24), x represents the distance from a cer-
tain point in far wake to the wind turbine, the value of
should be obtained by experiment.

It is can be known from the reasoning process above
that the change of the radius in far wake region and the
wake velocity is nonlinear and changes with the distance.
The nonlinear model of the flow velocity and the radius of
the far wake region have been built in this paper according
to the equation (23) and (24).

B. The wake superposition model

The downstream wind turbine will suffer the wake ef-
fect from the different locations of upstream wind tur-
bines, this phenomenon is called wake superposition, the
relationship of the wake from the different location up-
stream wind turbine include disjointness, partial overlap-

http://www.i-joe.org



PAPER
CALCULATION METHOD OF INSTANTANEOUS WIND SPEED SPATIAL DISTRIBUTION OF WIND FARM

ping and completely containing three cases, as shown in
figure 8 and 9.

According to the wake superposition model provided in
paper [16] and the single unit wake model as said above,
the equation (25), (26), and (27) can be derived from
equation (23) and (24).

v, =v -1y vy 09
/ 2 A 2(B° +as)
140vera
8Uy = (U —U.»T“” (26)
éUn = (27)

In equation (26), §U;; indicates the speed loss of the i-
th upstream wind turbine at the j-th downstream wind
turbine location, Ayyerqp indicates the intersection area of
the i-th upstream wind turbine wake area and the j-th
downstream wind turbines rotor area, A, indicates the
downstream wind turbine rotor area, §U, indicates the
wake loss of the upstream n — 1 wind turbines combined
effect at the downstream n-th wind turbine, U,, indicates
the wind speed at the n-th wind turbine.

Figure 8. The model of wind farm wake
W . Partially
¢ Disjoint ! Intersection

Wi W,
Completely
contained

Figure 9. The superposition type wind farm wake

V. INSTANTANEOUS WIND SPEED SPATIAL
DISTRIBUTION IN WAKE REGION

According to the wake model described above, the
wind farm wake shown in Figure 2 is calculated. Figure
10 shows the wake average velocity profile when the Y
coordinates values is 2732 m. In the figure, the wake av-
erage velocity reaches a minimum near the coordinate
point (544, 2732), because there is a wind turbine in the
coordinate point (544, 2732). At the same time, because of
the wind turbine wake at the point of (1325, 2921) and the
wind turbine wake at (544, 2732) intersect each other at
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near 4000 m, the wake average velocity decrease phenom-
enon appears, the wake superposition phenomenon is
formed.

In the wake region, the instantaneous wind speed spa-
tial distribution is mainly affected by the turbulence inten-
sity of its own [18]. Therefore, the Kaimal spectrum of
fluctuating wind speed can be obtained according to the
equation (3). Then the corresponding fluctuating wind
spatial distribution can be obtained according to the Kai-
mal spectrum in wake zone. Figure 11 is a comparison
chart about the wake average wind speed and the instanta-
neous wind speed spatial distribution in wake region.
Where the dotted line indicates the wake average wind
speed and the solid line represents the spatial distribution
of the instantancous wake wind speed. The figure shows
that the spatial distribution of the instantaneous wake
wind speed not only describe the wind speed in wake
region affected by the wake effect, but also describes the
instantaneous wind speed spatial distribution in wake
region, it has practical significance for the optimal control
of wind turbine.

T T T T T T T T
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Figure 10. Wake velocity profile
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Figure 11. Wind speed distribution in flow field

VI. CONCLUSIONS

The calculation method of instantaneous wind speed
spatial distribution for wind farm has been proposed in
this paper. This method has divided the instantaneous
wind speed spatial distribution of the wind farm into non-
wake area and wake area and calculated respectively. For
non-wake area, the cross spectral matrix was constructed
including the wind turbine mutual distance and the azi-
muth in the wind farm, and the solving calculation process
of the cross spectral matrix was deduced. For wake area,
single wind turbine wake model and wake superposition
model were established according to conservation of mo-
mentum, and then the average wind speed spatial distribu-
tion in wake zone was calculated. According to the aver-
age wind speed spatial distribution, instantaneous wind
speed spatial distribution was obtained. Making a simula-
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tion analysis of this method, the results show that the
calculation method of instantaneous wind speed spatial
distribution for wind farm this paper described can calcu-
late the flow field spatial distribution of wind farm accu-
rately and fast.
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